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SECTION A

Q1 (a) A closed box has a dimension of 30 cm, 40 cm and 50 c¢m, respectively
with the possible error 0.1 cm. Use partial derivatives to estimate the

maximum possible error in calculating the following:

(1) Surface of the box

(5 marks)
(i)  Volume of the box
(5 marks)
(b)  Find the derivative of g(x) = In (x* + x™).
(5 marks)
(c) Differentiate the following function y = ia“;E(Zx -x%)
(5 marks)
Q2 (3 Find domain and the range of each of the following function:
(i)  z=cos(xy)
(2 marks)
(i) z=2sin(x+y)
(2 marks)
(iil)) z=xy
(2 marks)
(iv) w=lh©Q-x*-y*-7)
(2 marks)

(b) By using double integrals, find the area of the regions enclosed by
: 7T
y=sinx, y=cosx, x=0, and x=—4—

(4 marks)
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(d)

Q3 (

(b)
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1 1-x?
Evaluate j I(x + y)dydx by using polar coordinates.
0 0
(4 marks)
23
Solve the following double integral I j (xy*)dydx
01
(4 marks)

Find the directional derivative of f(x,y) = X2 —2xy + 3y4 at (2,0) in the

direction of vector a = 2i +j.
(6 marks)

Given the vector-valued function 1(f) = 4cost i + 4sin/ j. Find its unit

tangent vector and principal unit normal vector at t = /4. Then, sketch

the graph of r(f), T(x) and N(x) in the same axis.

(8 marks)

Find the velocity, speed and acceleration of the particle at t = m with the
position vector r(f) = cos ti+ € j+2rk

(6 marks)
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Q4

Qs

(a)

(b)

(©)

(@)

(b)

(c)
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Solve the surface area of the part of the plane 3x + 2y + z = 6 that lies in
the first octant.
(7 marks)

Evaluate fy3 dx — x° dy (using Green’s Theorem) where C are the two
circles of radius 2 and radius 1 centered at the origin with positive

orientation.
(6 marks)

Evaluate f x*dx + xydy + z°dz , where C is given by x = cos ¢, y= sin ¢ and

z=r, 0<t<2m
(7 marks)

Solve the velocity and position vector of a particle that has the given
acceleration and the given initial velocity and position.

a(f) =i+ sin 27k, viO)=it+j+k 1r0)=0
(7 marks)

Prove that the curvature of a circle of radius r is 1/r.
(7 marks)

Solve arc length of helix, r(f) = 2sint i + 2cost j + ¢ k from (0, 2, 0) to
(Oa '27 T[)

(6 Marks)
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Q6 (a Use Stokes’ Theorem to evaluate ¢ F.dr where F(x,y,z)=z"i+y"j+xk
C

and C is the triangle with vertices (1,0,0), (0,1,0) and (0,0,1) with counter
clockwise rotation.

(10 marks)

(b)  Use Green's Theorem to evaluate §C{(xy)dx+(x2 y)dy} where C is the

triangle with vertices (0,0), (1,0) and (1,2) with positive orientation.

(10 marks)

- END OF QUESTION _
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FORMULAE
Total Differential
For function z = f(x, y), the total differential of z, dz is given by:
dz = il dx+ Ld dy
x Oy
Relative Change
For function z = f(x, ), the relative change in z is given by:
& _Ozdx Ozdy
z Oxz Oy z

Implicit Differentiation
Suppose that z is given implicitly as a function z= f(x,y)by an equation of the
form F(x,y,z)=0, where F(x,y, f(x,y))=0for all (x,y)in the domain of f, hence,
o __E a9 5
& F o F

z

Extreme of Function with Two Variables

D= f,(a.b)f,(a;b)~[1, (@b

a. If D>0and f,_(a,b)<0(or f, (a,b)<0)
f(x,y)has a local maximum value at (a,b)

b. If D>0and f,(a,b)>0(or £, (a,b)>0)
f(x,y)has a local minimum value at (a,b)

c. If D<O
f(x,y)has a saddle point at (a,b)
d. If D=0

The test is inconclusive

Surface Area
Surface Area = ﬂ as

= [+ (1, +1d4
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Polar Coordinates:
x=rcos@
y=rsinf

x2 +y2 — r2

where 0<0<L2x

[[£Ceyyda=[[ £r.0)rdrae

Cylindrical Coordinates:
x=rcosd
y=rsiné

z=2z
where 0<80<27

[[[ fG.y.0av = [[| f (.6, 2dzdrde

Spherical Coordinates:

x = psingcosf

y = psingsind

z=pcosg

pz =52 +y2 472

where 0<g<rmand 0<0 <27

[[[ 7Ge.y.20av = [[[ #(p.4.6)0 singd pdgae

In 2-D: Lamina
Given that &(x, y) is a density of lamina

Mass, m = Hé‘ (x,y)dA, where
R

Moment of Mass
a, About x-axis, M = H yo(x,y)dA
R

b. About y-axis, M, = [[x5(x, y)dA
R
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Centre of Mass
Non-Homogeneous Lamina:

— M
(x,y>=(—y,MXj

m m

Centroid
Homogeneous Lamina:

1 - 1
= reaar RN A o 7

Moment Inertia:
a. I, = ”xzé'(x,y)dA
R

b I, = [[y8(x, y)dA

c. I, = [[ @+ y")8(x, y)dd

In 3-D: Solid
Given that §(x, y, z) is a density of solid

Mass, m = IH o(x,y,z)dV
G

If 8(x,y,z)=c, where c is a constant, m = Jﬂ dA is volume.
G

Moment of Mass

a. About yz-plane, M = ” J. x8(x,y,z)dV
G
b. About xz-plane, M, = H _[ yo(x,y,z)dV
G
c. About xy-plane, M, = I”zé(x, y,z)dVv
G
Centre of Gravity
o e M M
(x’y’z):( yZ’M,xz’ xy)
m m m
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Moment Inertia
a. About x-axis, I, = | [[o? +2)8(x v, 2aV
G
b. About y-axis, I, = j I I (x* +22)8(x,y,z)dV
G
c. About z-axis, I, = [ j [ +3)8(x,p,2)av
G

Directional Derivative

D, f(xy)=(fi+f,)u

Del Operator
V=—a——i+—qj+—a—k
ox oy oz

Gradient of ¢ =V¢

Let F(x,y,z)= Mi+ Nj+ Pk, hence,

The Divergence of F=V.F=§Ai+gv—+§£
ox Oy Oz
The Curl of F=VxF
i i Kk
_|8 0 9o
ox 0Oy Oz
M N P
oP ON ). (6P an, ON oM
= 11— ——— ]+ It k
oy Oz ox Oz ox Oy
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Curvature
(IO
le'®l

Radius of Curvature

1
pP=—
K

Green’s Theorem
Ox

Gauss’s Theorem
[[¥-nds = [[[v-Far
G

S

Stoke’s Theorem
(fJF-dr= H(VxF)-ndS
C S

Arc Length

The Unit Tangent Vector, T(¢) =

The Principal Unit Normal Vector, N(7) =

r'(¢)
'@l

T'(®)
T

The Binormal Vector, B(r) = T(f)xN(?)

e 55 1

If r(t) = x()i+ y()j+ z(H)kt € [a,b] , hence, the arc length,

s=[Ir@ld =[x OF +[/OF +2OFd

Let C is smooth curve defined by r(¢) = x(¢)i + y(1)j+ z(t)k , hence,
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