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Q1

Q2

(2)

(b)

(a)

By Newton’s law of cooling, the rate of change of temperature T"of an object is stated
by the first-order differential equation as

dT
—=k(T-T
dt B )

where k is a constant and T is temperature of surrounding environment.
(i)  Find the general solution of the above first-order differential equation if 7 =20.

(5 marks)

(ii)  Given the initial T(t) of the object is 100°C, find the particular solution of the
above first-order differential equation.

(3marks)

(iii) After FIVE (5) minutes, the object is cooled to 60°C, find the value of k£ and
hence temperature 7(?).

(5 marks)
By using power series i=a,+at+at’ +at +at*+-- and sint= iw
0 1 2 3 4 o (2m i 1)' ’
show that the particular solution of the first-order differential equation of
ﬂ+i = gin2E, i(O) =]
dt
is
i=1+t+lt2 LY N
2 6 24
(12 marks)

Figure Q2 shows a RLC parallel circuit which is governed by the second-order ODE

as
2
iTV+4—d—V+4OOV=O.
dt dt
(i) What type of second-order ODE is this?
(1 mark)
(i) How do you find the general solution of Q2(a)(i)?
(1 mark)

(iii) Based on your solution on Q2(a)(ii), state cases of solution of Q2(a)(ii).
(2 marks)
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(iv) Find the particular solution of V(t) when ¥(0) =5 and V(1) =0.

(7 marks)
(b) Given a second-order ODE as
d%i

F+2§+i=50032t
t t

(1)  Find the general solution, i, for the second-order homogeneous equation.
(3 marks)

(i) Evaluate the particular integral, i), for the second-order non-homogeneous
equation using undetermined coefficient method.

(10 marks)

(i) Formulate the general solution of i.
(1 mark)

Q3 By applying Kirchhoff’s voltage law, the RL-network given in Figure Q3 can be modeled
as below:

()= D@+

(a) State what type of differential equation is this? :
(1 mark)

(b) Explain how to find the solution of differential equation in Q3?
(2 marks)
(c)  Find eigenvalues 4, and A, of the homogeneous system.
(3 marks)
etermine eigenvectors ¥, an of the homogeneous system.
d D ine ei Vi and V, of the h
(8 marks)
(e) Generate the general solution for the homogeneous system.
(1 mark)
(f) Propose the particular integral for the non-homogeneous system.
(6 marks)
(g) Formulate the general solution of the non-homogeneous system.
(1 mark)
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(h)

Q4 (a)

(b)

Compose the particular solution for the current i, and i, given there is no currents
flow through at initial state.
' (3 marks)

A rectangular pulses, E (t) is applied to the RC circuit as shown in Figure Q4(a).
(i)  Show that the circuit can be modelled as
RCZ 4V =u(t) —u(t - 2).
(4 marks)

(i) Calculate the response,v(t) with v(0) = 0 using Laplace transform.
(7 marks)

Consider the network circuit as shown in Figure Q4 (b) with initial current and their
derivatives are zero for t = 0.

(i) Show the loop current, i,(t) can be formulated as
di

2 ;
E + 25012 =20
(6 marks)
(i) Compute the loop current, i, (t) using Laplace transform.
(8 marks)

- END OF QUESTIONS -
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FORMULAS
Electrical Formula
1. Voltage drop across resistor, R (Ohm’s Law): Ve =IR
2. Voltage drop across inductor, L (Faraday’s Law): Yy S L?
t
: : q .~
3. Voltage drop across capacitor, C (Coulomb’s Law): v, = = ori=_C 7 or
1l p,
VC = EJZ dt
4. The relation between current, i and charge, ¢: i= %
dy

5. Linear equation: —+ p(¢)y = q(¢)

dt
| ej'p(t)dz

1y=j1q(t)dt+c

3
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FORMULAS

Second-order homogeneous Differential Equation
The roots of characteristic equation and the general solution for second-order differential

equation ay"(t) + by'(¢) + cy(¢) = 0.

Characteristic equation: am?® +bm +c = 0.

General solution

Case | The roots of characteristic equation
1. | Real and different roots: ~ m, and m, y = Ae™ + Be™
2. | Real and equal roots: m=m; =m, y=(A+Bt)e™

3. | Complex roots:m, =a+ fi, my=a— i | y=e*(Acosft+ Bsin fSt)

The method of undetermined coefficients for second order non-homogeneous differential
equations

For second order non-homogeneous differential equations, ay"(¢)+by'(t)+cy(t) = f(¢), the

particular integral, y,, is given by:

Ji3) Example of f(t) Assume
Exponent ke™ yp = Ce™
Polynomial k Yp=C

kt y,=Ct+D
et , Yy =Ct* +Dt+E
Trigonometry k sinnt or k cosnt yp = Ccosnt + Dsinnt
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Homogeneous System of First-Order Differential Equation
Y'=AY

Eigenvalues
|A-AI|=0

Eigenvectors
(A-AV =0

General solution of Homogeneous System
Y = AV,e" + BV, e™

:A[xl)ellt_l_B[xZJeﬂzt
N Ya

Non-Homogeneous System of First-Order Linear Differential Equation

Assume Y, based on G

G Y,
Case I: Polynomial
(a1) : (a1t+b1) . (a1t2 +byt+ 01) (ul) . (ult + 171) . (u1t2 + gt + wl)
az) > \azt+by) * \azt? + byt + ¢, uz/ > \uzt +vz) * \uzt? + vat +wy
Case II: Exponent
a; u At : (u t+v ) At
At 1 = 1 1
( )e (uz)e lpr Ye, then Uyt + v, €
a;
Case III: Trigonometric
(al) sint or (al) cost (”1) sint + (”1) cost
ap az Uy vy
9
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Power Series Method

m=0
Where cj, ¢4, €5 ... are constants

Z Cnt™ = Co + C1t + Cat?% + c5t3 + ¢yttt + -

Representation of Funections in Power Series

ln(1+t)=t——+3|+ Z( 1y —

=1

t ¢
e—1+1|+ + + Z z —o<t< o
m=0
i 4B e 2m+1
t=t——+——5 D", — <
o T 7l+ Z( " GmEnr St
m=0
tZ t4- t6 e th
", —_1\ym _
cost =1 2|+4' 6|+ Z( 1) @ o <t< oo
m=0
2 m

OO

1
—=1+t+t2+t3+"'ztm
1-t o

m
. o:(a—l)2
A+)%*=1+at+ t2 +

a(a—1)(a—2) 3.

2! 3!
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Laplace Transform
Lif@y=], f@©)edt=F(s)
S @) F(s) S(@) F(s)
. 4 Jif(eds A
S 0 S
o ¢ H(t-a) el
S—a S
sinat — flt-a)H(t - a) e F(s)
s +a
¢ . Sit— &) -
cosa = 8
52 + a2 ¢
2 a —as
sinhat % f(@®)o6(t—a) e™ f(a)
S —a
coshat s [ fag(e-u)du F(s)-G(s)
S —a
", n!
=1 2350 e y(2) Y(s)
e f(1) F(s—a) y'(2) sY(s) - y(0)
t"f(t) | 1\ d" " t 2 _ . wl
n=123.. | V' 75F6) y'(®) s°Y(s) - sy(0) - »'(0)
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