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Q1 (@

(b)

Q2 (a)

(b)

Show that the first-order differential equation xy'—2x’y =0 can be obtained by using:

(i) separating-variable method, and
(2 marks)

(i) power series method without using recurrence relations.
(8 marks)
Solve using power series method for the given second-order differential equation with

initial condition ¢(0) = 0.

q"(1)+59'(t) =40
(10 marks)

An RLC circuit can be modelled as:

2
AV 3% Ly —o
dr? dt

Solve the second order ordinary differential equation for the initial condition ¥ (0) =9
and V'(0)=0.

(5 marks)
Given a system of first order linear differential equation as below:
' _ er
J’% _ (5 2) (}’1) n
Y2 3 =2/\y, 10
(i) Find the complimentary function, ¥. for the homogeneous system.
(6 marks)
(ii) Find the general solution, Y for the system differential equation.
(9 marks)
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Q3 (a) Calculate Laplace transform of the function v(t) = t + 3e™3*H(t — 2) .
(6 marks)

(b) AnRL circuit as shown in Figure Q3(b) can be modelled by differential equation:

0.1 d—;(ti) + 2i(t) = 10t H(t — 2).

Determine the current, i(t) using Laplace transform where the initial current is 0.

(14 marks)

Q4 (a) Inacommunication system, a cosine signal, f (x) propagates with an amplitude of 2

1
volts and frequency of - Hz. In the meantime, the signal experiences 27 shift.

(i) Write the function of the signal f'(x).
(2 marks)

(ii) Sketch the graph of the signal /(x) and state whether it is an odd or even or neither
odd nor even function.
(3 marks)

(b) AnRLC circuit diagram as shown in Figure Q4(b) consists of a resistor, capacitor, and
an inductor with the respected values of 0.2 Q, 0.05 F, and 1 H. Given that,

E(t)=%t2 , m<t<m
E(f) = E(t+2n)

By using Fourier Series Expansion, show that the circuit can be governed by:
. S N2
i"+02i +20i= Z - (—D™*sinnt
n=1

where n=1,2,3,....

(15 marks)
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Q5 (@

(b)

©

Given that a non-periodic signal as follow:
et t<0
t)=
v {e‘St t>0

10
25+w?2’

Proof that the Fourier Transform of v(t) is V(w) =
(5 marks)

Determine Y (w) for the given y(t) if x(t) = cos(20t) by using Fourier Transform pair
and properties,

@) y(®) =el1%% x(t)

(2 marks)
() y() =x(t—8)

(2 marks)
(i) y() =x@Bt—-7)

(3 marks)

Consider an electrical circuit as visualized in Figure Q5(c) with R=3 Q, C=0.5F, and
L=1H.

(i) Determine the transfer function, H(w) of the circuit.
(5 marks)

(i) Find the time domain transfer function, /(¢) of Q5(c)(i).
(3 marks)
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FORMULAS

Second-order Differential Equation

The roots of characteristic equation and the general solution for differential equation
ay"+by' +cy=0.

Characteristic equation: am® +bm +c = 0.

Case | The roots of characteristic equation General solution
1. | Real and different roots:  m, and m, y = Ae™ + Be™*
2. | Real and equal roots: m=m, =m, y=(A4+ Bx)e™
3. | Complex roots:m, =+ i, m, =a — fi y=e%(Acos fix + Bsin fix)

The method of undetermined coefficients for system of first order linear differential equations

For non-homogeneous for system of first order linear differential equations Y'(x) = 4 Y(x)+G(x),

the particular solution Y, (x) is given by:

G(x) | Y, (x) G(x) Y, (x)

u a uelx aeﬂ.x

ux+v ax+b ucosax orusinax | asinax+bcosax
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Power Series Method
co
Z CmX™ = o+ c1x + %% + c3x% + cxt + -

m=0

Where c,, ¢, c; ... are constants

Representation of Functions in Power Series

x
—1+1'+ +——+ Z——oo<x<oo
3 2m+1
— __+______ m_*
sing =% TR + .- Z( 1) amT Dl o< x < oo
2 o
cosx:1——2—' —'———+ Z( )m(2 — —00 < x < 00
had m
ln(1+x)—x———+——+ Z( 1)m+1—
=1
1 [ee]
——=1+x+x2+x3+---2xm
1=x
m=0
a(a—1 a(a—1)(a—2
A+x)*=1+ax+ (2' )x2+ ( 3)'( )x3+
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Laplace Transform
LY O =], f(edt=F(s)
f@) F(s) f@®) F(s)
a t
a J' f(r)dr F(s)
S 0 S
t 1 e*as
ea H(f == a)
S—a A
= a —as
sinat e ft—a)H(t—a) e “F(s)
S +a
cosat = 5t —a)
Sa. - —as
S2 + a2 ¢
2 a i
sinh at 2 f@)o(t—a) e " f(a)
S t
coshat > [, /g —u)du F(s)-G(s)
s“—a 0
t", ,
n!
n=123,. = y(0) Y(s)
A
e 1(t) F(s—a) Y'(@) s¥(s) - y(0)
" f@), d” " 2
_1 n F t _ _ ’
n=t23. | CVZ=FE® y'® 57Y(5)—59(0)- y'(0)
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Table of Fourier Transform

F{r0} = ‘1 F(O)e ™ dt
FH{F(o)} = ;’—1;!: F(w)e™ do

[8@t-a)f@ydt = £ (a)

700 F(w) f@® F(w)
5() 1 sgn(7) 2
iw
8(t — ) H@) 75 (@) +
iw
1 276 (w) e ™' H(t) for @, >0 1
Wy +iw
ey 275(w — ) t"e ™ H(t) for —”'n:l—
&, >0 (@ +iw
sin(@y?) in|d(@+ @) -S@-a)] | e sin(a)H (1) (_—a))g_?
for a>0 0
cos(ayf) md(@+m)+8(@-a)] | e cos(wt)H () (_a+)2w___2_
for a>0 0
[ fag—uyan F()-G(w)
sin{wyt)H (1) Z[—i[é(a)+ @,)~ (@ wo)]+ 20)0 -
2 @, —@
cos(ayt)H () f[g(w +@,)+8(0—a,)]+ zia) .
2 )
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Properties of Fourier Transform

Property f@® F(a)
Linearity af (1) + pg(t) aF () + fF (@)
Time scaling f(at) 1 0@,
o] “a
Time shifting f@-a) e " F(w)
Frequency shifting e £(1) F(o—w,)
Time differentiate Fasl)) (io)" F(w)

Fourier Series

Fourier series expansion of periodic | Half Range series
function with period 2L/ 2n

2 ¢L
ag== [ f(x) dr
ay=+[" 1) ds A

L
1¢L nnx
a, = ZI—L S(x)cos== d

1L . nmx
bn:zj_L f(@)sin== dx

1 Q0 o0
fix)= —2—a0 + Zan cos 2 +an sin%
=1 n=1

2 ¢L nmx
a”zf.[o f(x)cos—L—dx
by =2 [ f0)sin "2 gy

"oLYo L

i - =
f®= an + Zan cos & +an sm%
n=1 n=1
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IDENTITY OF TRIGONOMETRY

1
sinAcosB = 3 [sin(A + B) + sin(A — B)]

1

cosAsinB = 3 [sin(A + B) — sin(A — B)]
1

cosAcos B =3 [cos(A + B) + cos(A — B)]

1
sinAsinB = — 3 [cos(A + B) — cos(A — B)]

2. | Negative angles: sin(—0) = —sin(8), cos(—0) = cos(8), tan(—6) = —tan(6)

3. sin260 = 2sinfBcos6

€0s20 = cos%0 — sin?%0 = 2cos? — 1 = 1 — 2sin?0

-1, ifnodd

— ((— y | S
cosmm= (~1} _{1, if neven

sinnt =0 forn=0,1,2,...

cos2nm = 1, sinznt =0 forn=0,1,2,..
nmwo { 0, if nodd
OS5 = —D™%,  ifneven

n-1
smﬂz{(—l)T, if n odd
2 0. if neven
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Electrical Formula

1. Voltage drop across resistor, R (Ohm’s Law): v, =R
2. Voltage drop across inductor, L (Faraday’s Law): Yy = %

. , q . dv,
3. Voltage drop across capacitor, C (Coulomb’s Law): W, = C ori=C -
4. The relation between current, i and charge, ¢ : i= %‘f_
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