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Find the rate of change of volume of a cyhnder with radius 6 cm and height 14 cm
if the] increasing rate of radius is 0.3 cms™ and the decreasing rate of height is 0.4
cms’.

(6 marks)

Show that the function z = e* siny + e cos x satisfies Laplace equation

0%z = 9%z
axz Ty =0
(6 marks)
Determine the local extremum of the function f(x,y) = xy? — 6x% — 3y2.
(8 marks)
Compute the multiple integrals:
a2 y
(1) j j jxy dxdydz,
0O 0 0
(3 marks)
(ii) ” (8—x"=»") d4, where R={(x,y)=-1<x<land 0<y<2}.
(4 marks)
Evaluate the following triple integral using spherical coordinates.
16-x2 \32-x7—*
1=J. j I 3x* +3y* +32% dzdydx
4 _i6-x* [yt
(5 marks)

Given a lamina that occupies the region bounded by y= \/;, x=9 and y=0,
and has density function & ( X, y) =x+y. Find

(1) its mass.

(3 marks)
(ii) its coordinate ; of its center of mass.

(5 marks)
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A scalar function is given as f(x,y) = (1 + xy)z .

(1) Find the gradient of f(x,y) at (3,1).

(2 marks)

(i)  Find the directional derivative of f(x,y) at (3,1) in the direction of vector
u=2i+j.

(3 marks)

(iii)  Find a unit vector in the direction in which f(x,y) increases most rapidly
at (3,1) and find the rate of change of f(x,y) at (3,1) in that direction.
(4 marks)
(iv) In what direction is f(x,y) decreasing most rapidly at point (3,1) and
what is the maximum rate of decrease?
(3 marks)

The  electric  field distribution in a room is given by
E(x,y,z) = xy*zi+ x%yzj+ xyz k.

(1) Find the divergence and curl of the electric field.

(5 marks)
(ii) Show that V +(V x E) = 0.

(3 marks)

Given that the velocity vector v(f)=-asinti + acostj +V1-a’k. Find its
position vector r(t), if r(0)=ai. Then find its arc length from (a, 0, O) to

(—a, 0, m/:z?)

(8 marks)

The displacement of a particle at time ¢ is given by
r(t)=ti + 2 sinmtj +2cosntk , 0<7<2x. Find the velocity v(¢), the unit

tangent vector T(7) , the unit normal vector N(¢) , binormal vector B(f) and

curvature x at any time 7.
(12 marks)
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Evaluate [ x*dx+ (x+y)dy , where C is a path as shown in FIGURE

Q6(a). Can Green’s theorem be used to evaluate this integral?

(5 marks)
Apply the Green’s theorem to evaluate

¢ (2x% +xy) dx + (x* + 3xy?) dy,

where C is the boundary of the region between x + y2 = 4 and x2 + y?2 =9,

(5 marks)
Use Gauss Theorem (or Divergence Theorem) to find the flux of the vector field
F (x,y,z) = 2x°i+y?j+ 2 z%k across surfaces o of the solid G enclosed by

circular cylinder x? 4+ y? = 16, planes z = 0 and z = 3, oriented outward.
(5 marks)

Use Stoke’s Theorem to show that gﬁc Fedr=-1/3,if

F (x,y,z) = 3xzi+ xyj+ 3xz k and C is the boundary of the portion of plane
2x +y + z = 2 in first octant, oriented counterclockwise, and upward.

(5 marks)
AY
1
C;
x
Ci 1
FIGURE Q6(a)
- END OF QUESTIONS -
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Formulae

Polar coordinate

x=rcosf, y=rsinf, 0 =tan_l(y/x), and [[ f(x,y)dA= [ f(r,0) rdrdé
R R

Cylindrical coordinate
x=rcosd, y=rsin, z=z and [[[f(x.y.z)aV = [[[£¢.6.2)r dzdrae
G G

Spherical coordinate

x = psingcosf, y = psingsind, z= pcosg, then x> +y2 +z2 :pz, for 0<6<2r,
0<g¢<r,and [[| f(x,y,2)dV =[] f(p,$,0)p” sing dpdpdo
G G

Directional derivative in D, (in udirection)

Dy f(x,y) = fyi+ £,)-u

Divergence and Curl of F

Let F(x,y,z)=Mi+ N j+ Pk is vector field, then

V-F:—aﬂ+a—N+—a£ and
Ox Oy Oz
i j k

vapa[ £ O|_(2_aN), (0P o), (av_ o),
ox 0Oy 0z oy 0z ox Oz ox Oy
M N P

Vector Valued Functions r()

Let C is a smooth curve given by r(¢) = x(r)i+ y(¢)j+ z(¢)k, ¢ is parameter, then

the unit tangent vector: T() = r_’({)_
r'(@)
the unit normal vector: N(@) = T’(t)
[T

the binormal vector: B(r) =T()x N(t)
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the curvature: ” L3 “ l rx r”3( 9 ”
rol o)
the radius of curvature: =1/x
Green Theorem: § Mdx+Ndy= .[ .[ (—aﬁ —aﬂ] dA
ox oy
Gauss Theorem: ” FendS = jﬂ VeFdlV
Stokes’ Theorem: §F odr= ”(Vx F)ends,
(& o
*%l—%]*‘k 2 a 2
whte n=—— % _ 0 and dS = \/(azj +(—Zj +1dA.
Ox oy

(2)(z)-

b
r©|d = Wy oF + [y oOF ar

Arc length s
b
If r(t) = x(t)i+ y(£)j, t €[a,b], then s =

If r(t) = x(t)i+ y(t) j+ z()K , t € [a,b], then s = lf\/ YOPF +oF +[20P

Tangent Plane
Z—2zp = fx(x0>J’o)(x—xo)+ fy(xo,J’o)(y—J’o)

Second Derivative Test for Extreme of two variable functions

G(%,2) = fru(® )15 0) = (fi ) P

Casel: If G(a,b)>0and f,,(x,») <0 then f has local maximum at (a,b)
Case2: If G(a,b) >0and f, (x,y) >0 then f has local minimum at (a,b)
Case3: If G(a,b) <0 then f has a saddle point at (a,b)

Case4: If G(a,b) =0 then no conclusion can be made.
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Lamina

Mass: m = [[5(x,y)dA, where &(x,y) is a density of lamina.
R

Moment of mass: (i) about y -axis, M, = [ x6(x,y)dA,
R

(ii) about x -axis, M, = [[y5(x, y)d4
R

M, M
Centre of mass, (X,7)= (_y,_x_J
m - m

Moment inertia: (i) 7, = [[x26(x, p)dA, (i) I, = [[y?5(x, y)dA, and
R R
(i) 1, = [ + »* )5 (x, y)dd
R
In 3-D: Solid

Mass, m = [[[8(x, y,z)dV . If 8(x,,z)=c, c isa constant, then m = [[[dA is volume.
G

G
Moment of mass

(1) about yz-plane, M,, = fcj;j'xé‘(x, y,z)dV
(i)  about xz-plane, M,, = [[[y5(x,y,z)dV
G

(iii) ~ about xy-pane, M,, = [[[z5 (x,y,z)dv

M, M. M
Centre of gravity, ()7, Y,z ) = ( ¥ T = J
m m m

Moment inertia
(1) about x-axis: I, = m(y2 + 22)5(x, y,z)dV
G

(i)  about y-axis: [, = m(x2 +22)5(x,y,z)dV
G

(i) about z-axis: I, = [[f(x? + 2 }5(x, , 2)aV
G




