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SECTION A

Q1

Q2

(a)

®

(@

(b)

The position acceleration of particle is given as
a(t)=2i+6tj+12t%k
and initial velocity is v(0) = i and position is r(0) = j — k. Calculate the velocity

and position vector of particle when £ = 2.
(10 marks)

Find the unit tangent and normal vector of the vector function
r(t) = (t%,sint — tcost,cost + tsint) >0

(10 marks)

Verify Green’s theorem for;
f (2x —y)dx + xy dy
C

where C is the boundary of the region between the circles x2 4+ y2 = 1 and x2 +
2
y< =9,
(10 marks)

Evaluate §C F - dr by using Stokes’ theorem for the vector F = xzi+ xy j + 3yzk

and the curve C which is the perimeter of a closed triangle in the first octant with
vertices at (3, 0, 0), (0, 3, 0), and (0, 0, 6) in the counterclockwise direction, when
view from the positive z-axis.

(10 marks)
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SECTION B

Q3

Q4

Q5

(a)

(b)

(©)

(@

(b)

(©)

(@)

(b)

(©)

Determine whether the function f(x, y) exist and continuous at the point (4, 0).

i J # (4,0
flx,y) = ,/E_z' if (x,y) # (4,0)

0, if(xy)=(40)
(4 marks)

Find f, and f, for ye?** — 5ye¥* = —10ze®*¥ + 1 , if z = f(x,y) is implicitly
defined as a function of x and y.
(10 marks)

Use the differential dz to approximate the change in z = /25 — x2 — y? as (x,y)
move from the point (2, 2) to the point (1.95, 2.05). Compare this approximation
change with the exact change in z.

(6 marks)

Given that f(x,y) = 2x? + xy — y?. Find the partial derivatives f, and f,.
(4 marks)

A hot air balloon is rising straight up from a field and tracked by a range finder
150 m from the lift-off point as shown in Figure Q4(b). The range finder angle is
/4, the angle is increasing at the rate of 0.14 rad/min. Predict how fast the balloon is
rising at that moment.

(7 marks)

The radius of a right circular cylinder is measured with an error of at most 4%, and
the height is measured with and error of at most 8%. Approximate the maximum
possible percentage error in the volume V calculated from these measurements.

(9 marks)

Evaluate the triple integral
1 ,x% px+y
f f j (x — 2y + z) dxdydz
0 Y0 0

(6 marks)

Consider an object which is bounded above by the inverted paraboloid
z=16—-x"—y* and below by the xy-plane. Suppose that the density of the object is
given by o(x,y,z)=8+x+y. Analyse the mass of the object by using cylindrical
coordinates.

(7 marks)

Find the area bounded by y = 2x* and y = 1 + x? using double integral.

R
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(7 marks)
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Q6 (a) Given that a lamina with density function &(x,y)=y is bounded by

y=sinx, y=0,x=0 and x =~ . Estimate the centre of mass of the lamina.
(6 marks)

(b)  Analyze the volume of the solid within the cylinder x*+y* =4 and between the

planes z=2 and y+z =5 using cylindrical coordinates.
(7 marks)

(©) Calculate the volume of the solid bounded above by p =5 and below by cone ¢ =%

using spherical coordinates
(7 marks)

- END OF QUESTIONS -
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0
Range Finder ‘/

150m

FIGURE Q4(b)
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Formulae

Implicit Partial Differentiation:
0z fi(xy,2) 0z_ fxy2)

—= or =
Ox F(%,9,2) dy F(x,y,2)

Small Increment, Estimating Value:

Total differential/approximate change, 9z = -g—i— dx + Z—; dy

Exact change, dz = f(x,y,) — f (X0, Yo)
Approximate value, z = f(xo, yo) + dz
Exact value, z = f(x,v,)

dz
z

0z dx
ox z

dz dy
dy z

| 4

Error: |dz| = dyl and Relative error:

Polar coordinate: x =rcos@, y=rsiné, x* + y% =r?, and [[f(x,y)dA= [ f(r,0)rdrd6
Cylindrical coordinate: x =rcos@, y=rsiné, z=z, [[[f (xfy, z)dV = ml}(r, 0,z)rdzdrdb
Spherical coordinate: x = pcos@sin@, y =psind sinG @,z = pcos®, Gx2 +y2 + 22 = p?,

0<0<2x,0<p<r and [[[ 7(x,,2)dV =[] f(p,4,60)p* sing dpdpdb
Directional derivative: D, f(x,y) = (fxi +1s j)~ u ’ ’

Let F(x,y,z) =M i+ N j+ Pk is vector field, then

the divergence of F=V-F = aM 2 e oP
ox 6y 0z

i j k
the curlof F = VxF = | _g; iz(éfi‘@i) [6_1”_91‘1), (ifz_aﬂ)k

0z oy 0Oz ox Oz ox Oy
M N P
Let C is a smooth curve given by r(¢) = x(¢)i+ y()j+ z(t)k, t is parameter, then
t

the unit tangent vector: T(@) = "r 8"
the unit normal vector: N@) = T,(t)

O/
the binormal vector: B({) =T(@{)xN(®)

_ITol _Iroxro]

th : N ~
e curvature T20) ) H3

TR RY T
€ 1 By & | 3% /R

u s R R

the radius of curvature: p=l/x |
f
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Green Theorem: fM dc+Ndy=|| (%v - Q;%] dA

Gauss Theorem: ﬂ FendS=([[[VeFdV

Stokes’ TheoremzsfF odr= ﬁ(% xF)endS

Arc length ‘ ’

If r(f) = x(t)i+ y(t) j, € [a,b], then the arc length s = lfu r'() |t = IN [xOF +[y'©F a

If r(f) = x(£)i+ y(t) j+ z()k , t € [a,b], then the arc length s = If\/ [FOF +y©OF +[2®F at

Tangent Plane

Z—2Zy =fx(xo,yo)(x—xo)+fy(xo,yo)(y—J’o)

Extreme of two variable functions

G(%,3) = frux @2 3y ) = (£ 5. )P

Casel: If G(a,b)>0and f,, (x,y) <0 then f has local maximum at (a,b)
Case2: If G(a,b)>0and f,.(x,y)>0 then f has local minimum at (a,b)
Case3: If G(a,b) <0 then f has a saddle point at (a,b)

Cased: If G(a,b) =0 then no conclusion can be made.

In 2-D: Lamina
Mass: m = [[8(x,y)dA, where &(x, y) is a density of lamina.
R

Moment of mass: (i) about y -axis, M, = [f x8(x,y)dA, (ii) about x-axis, M, = [[yd(x,y)d4
R R

M,
Centre of mass, (x y) ( ,M ]
m m

Monment inertia: (i) I, = [[x*5(x, y)dA, (i) I, = []y*5(x,y)dA, Giii) T, = [f(x2 + y2)6(x, y)d4
R R R

In 3-D: Solid
Mass, m = [[[5(x, y,z)dV . If 6(x,y,z)=c, c is aconstant, then m = [[[dA4 is volume.
G G

Moment of mass
(i) about yz-plane, M,, = j(j;j x&(x, y,z)dV
(i)  about xz-plane, M, = [[[yS(x,y,z)dV
G

(iii)  about xy-pane, M,, = [[[z6(x,y,z)dV
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M_ M. M
Centre of gravity, (X, 7, E)z[ L - xy)
m’ m’  m

Moment inertia
G)  about x-axis: I, = [[f(y? + 22 )s(x,y,z)dV
G

()  about y-axis: I, = [[[(c +22)5(x,y,2)aV
G

(i)  about z -axis: I, = [ff (x2 + y2)5(x, y,z)dV
G
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