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Identify the Laplace transform for each given function.

{1) flty=2t*—e*
(i)  g(t) = cosh? 2t

(4 marks)
Determine the solution for the equation below.
[/ Py \]
L~ 1
Lsls? +a))
(6 marks)
Solve the given differential equation by using Laplace Transform method.
d’y _dy
¢ ——=—1; 0)=0
di* dt YO
(10 marks)

Determine the interval and radius of convergence for the following power series.

Z (4x — 1)1
n

n=0

{10 marks)

Construct a Taylor series for a function f(x) = e~®* withx =-4.
(10 marks)
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Q3 A periodic function is defined by
2x
1+ — —@mT<XE<T
t@=y
1- = , 0<x<m7®
T

(a) Calculate the Fourier coefficient, ay and a,.
(8 marks)
(b) Determine the Fourier series.
(5 marks)
() Sketch the graph of over — < x < TI.
(4 marks)
(d) Determine whether the function is even, odd or neither. Justify the answer.
{3 marks)

rEra————
H i
i

(W8]

CONFIDENTIAL



PART B
Q4 (a)
(b)
QS (@
(b)
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Determine the particular solution for the following differential equation by using linear
method. Given that y = 10 when x is 4.

(-2 2y =(x-2)
dx
(9 marks)

One tonne of bituminous premix was placed in a room with temperature 10°C. The
temperature of the bituminous premix dropped from 90°C to 30°C in 30 minutes.

(1) Define the cooling model according to Newton’s law.
(2 marks)
(ii)  Determine the temperature of the bituminous premix at 20 minutes.
(9 marks)
Prove the following equation.
L lsin2t—tcos2t = %
2 (s +4)
(4 marks)
A damped forced oscillation is given by
y’+2y' +5y=¢"sin 2t
which satisfies the initial conditions y(0) = 0 and y'(0) = 1.
(i) Determine y (t) by using Laplace transform.
(4 marks)
(i) Assume that t is small and t, =0 for n > 3 is negligible, show that
yt)=t—t2.
(12 marks)
4
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Q6 (a) A non-homogenous second order differential equation is defined by y"' —y’' — 2y =
e3%, Determine the general solution for the equation by using variation of parameters
method.

(10 marks)

(b) A spring with a mass of 2 kg has a natural length of 0.5 m. A force 0f 25.6 N is required
to maintain it stretched to a length of 0.7 m. If the spring stretched to a length of 0.7 m
and then released with initial velocity (v) = 0, calculate the position of the mass at any

time, t.

(10 marks)

- END OF QUESTIONS —
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Formulae

Characteristic Equation and General Solution

Case Roots of the Cl.laracterlstlc General Solution
Equation
1 | m and m, ;real and distinct y=Ae™ +Be"”
2 m, =m, =m ; real and equal y=(4+ Bx)e™
3 m=qa+iff ;imaginary y =e**(Acos fix + Bsin fix)

Particular Integral of ay" +5y' + ¢y = f(x) : Method of Undetermined Coefficients

fx y,(x)
P (x)=A4,x" +--+Ax+ 4, x"(B,x" +--+Bx+B,)
Ce®* x"(Pe*™)
Ccos fix or Csin fx x"(pcosfx+gsinfx)

Particular Integral of ay" +by' + ¢y = f(x) : Method of Variation of Parameters

Wronskian Parameter Solution
h oy X
W:yl' y:; _ J‘yzf( ) _j'ylf( ) Y, =y, + 1,3,
1 2
Fourier Series
Fourier series expansion of periodic | Fourier half-range series expansion
_ function with period 2L
nrwx s =
f(x)= —a + Za COS‘—+Zb 1n—- f(x)= éao + Zan cos% +an sin%
] =1
where lhisie " !
ao=~[" 1) dx 21
0=l = Ejo f(x) dx
1¢L nmx
=i e 2¢L nm

a, I J'—L f(x)COS I dx a;= —Zjo f(x)cosT dx

1¢L nmax
by,=—| f(x)sin——dx _ 2k i P

L J ) L | ba=7 IO f (x)smL AR

6
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Laplace Transforms

L{f O} =, f@edi=F(s)

J® F(s) f@® F(s)
a a H(t—a) e”
s s
M n=12.3 .. - Flt—a)H(i ~a) e F(s)
eal‘ 1 5(1‘ _ a) efas
§'—1a
sina . F(0)8(t—a) ¢ f(a)
ST +a
cosat . [ raogt—wau F(5).G(s)
ST +a
sinh at £ y(t) Y(s)
S2 — az
cosh at 5 > s y(t) sY(s)—y(0)
ST —a
e £(£) F(s—a) ¥(0) s7Y(s)—sy(0) - y(0)
t"f,n=1,23,... (_1)'1@
ds"

1 T
Periodic Function for Laplace transform : £ { T (t)} = = IO e f(t)dt, s>0.

1—-e
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Trigonometric and Hyperbolic Identities

Trigonometric Hiperbolic
cos’x+sin’x=1 sinhx = e
1+ tan” x = sec’ x coshx:ﬂ
cot? x +1=cosec’x cosh? x—sinh® x =1
sin2x = 2sin Xcos X 1—tanh® x = sech’x

cos2x = cos’ x —sin’ x coth? x—1= cosech’x

cos2x =2cos’ x—1 sinh 2x = 2sinh x cosh x

cos2x =1-2sin” x cosh2x =cosh” x +sinh’x
2
tan2x = __tan-;c_ cosh2x =2cosh” x -1
1-tan” x
sin(x + y) =sinxcos y  cos xsin y cosh2x =1+ 2sinh’x
2tanh x
os(x + y)=cosxcosy Fsinxsin tanh2x = ———
cosfx y) = cosxcosy ¥ 1+tanh” x
tanx £tany . . .
tan(x + y)= ———— sinh(x + y) = sinh xcosh y + coshxsinh y
l+tanxtany
2sinxcos y =sin(x + y)+sin(x — y) cosh(x + y) = coshxcosh y + sinh xsinh y
tanh x + tanh y
b g, e _ tanh{x+ y)=
2smnxsiny cos(x+y)+cos(x y) ( y) T —"

2cosxcosy = cos(x +y)+ cos(x - J’)
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Differentiation and Integration

Differentiation Rules Indefinite Integrals
i[k]:O, k constant j‘kdx:karC
dx
d n+l
E[x"]:nxnl J'xndx:;+l+c’ net—1
%[ln]xi] - % I—df =In|x|+C

%[cosx]:—sinx fsinxdx:—cosx+C

di[sinx]:cosx jcosxdx:sinx+C
e

g—[tanx]:seczx Iseczxdx:tanx+C
X

d 2 _
e [cot x] = —cosec’x Icosec %t =—cotx +C
x

g j —
—[secx]=secxtanx secxtan x dx = secx +C
X

d j xcotxdx =—cosecx +C
— [cosec x] = —cosecxcotx cosec xco

dx
i[e“"]:ex 'fexdx=e"+C
dx
i[coghx]: sinh x IS'IIIthx:COth—I—C
dx

:]d—[sinhx]:coshx jcoshxdx:smhx+C
23

"d—[tathC]z sech’x jsechzxdx = tanh x + C

dx

k2] [coth x] = -cosech’x Icosechz x dx = —cothx+C
x

—gx— [sech x] — -sech xtanh x jsech xtanh xdx = —sechx +C

a [cosech x| = -cosech x coth x jcosech xcothxdx = —cosechx +C

dx
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