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Q1

Q2

The temperature distribution u(x,t) of one dimensional silver rod is governed by Heat
equation

ou 5 I0°
_—= gt —
at dx?
with a? is thermal diffusity = 1.71.
Given the initial condition,
X; 0<x<2,
”(x'o)“{4—x, 2<x<4,

and boundary conditions,

u(0,t) =¢t, u4t) =t

Determine the temperature distribution of the rod with Ax = h =1 and At = k = 0.2 for
0 <t < 0.4 by using implicit Crank-Nicolson method.
(25 marks)

The steady state temperature distribution T (x, y) of a thin plate over the rectangle
0<x<1, 0<£y<2, satisfies the Laplace equation
0%T 0°T
a7 T ay?
with the boundary conditions,
T(0,y) =1, T(1,y) =e¢e", 0<y<2,
T{x0) =1, T(x,2) = e**, 0<x<1,

=0, 0z, D=y=2

Determine the temperature distribution, T(x,y) of the thin plate by using Finite-
Difference method with h = Ax = k = Ay = 0.5.
(25 marks)
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Q3

Q4

20x2
5x4—4 "

The initial-value problem y' = 2_x>i —xy?, y(1) = 5 has a unique solution (x) =

(a)  Approximate the solution at x = 1.4 using the fourth order Runge — Kutta method
(RK4) with the same step size #=0.2.

(10 marks)
(b)  Briefly discuss the result of absolute error.
(6 marks)
() The first order initial value problem is given below
x
' =y = x+1
in interval 1 < x < 1.4 with 2= 0.1 and initial condition y(1) =0
(1) Solve the problem by using Euler’s method. (5 marks)
(i1) Find the absolute errors if the exact solution is (4 marks)
) =xin ()

Let y(x,t) denotes displacement of a vibrating string. If 7' is the tension in the string, w is

the weight per unit length, and g is acceleration due to gravity, then y satisfies the equation
%y Tgad?y
— =, 0<x<6, t>0
ot?  w 0x? *

Suppose a particular string is 6 feet long and is fixed at both ends. Taking 7 = 32 pounds,

o = 0.01 pounds/feet and g = 32 feet/sec?. The initial conditions are
X

5’ 0<x<3 dy
y(x,0) = 6 — x and Ez(x,O)zx(x—6)
, S9SX=6
6
(a) Arrange all boundary conditions into grid.
(4 marks)
(b) Solve for y up to level 1 only by using the Finite-Difference method
Performed all calculation with Ax = 1 feet and At = 0.01 seconds.
(21 marks)

— END OF QUESTION - |
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Fourth-order Runge-Kutta method: y; ;1 = y; + %(kl + 2k, + 2k5 + ky)

h k
where ki = hf (x;,7;) ky=hf (xi+2 3 +2)
h k
ks=hf (x+3 9i+%2)  ka= R+ hyi+ks)
Finite difference method:
1 Yikr=Yiza o Yi+1—2YitYi—1

/i 4
Vi T h2

Heat equation — Implicit Crank-Nicolson:
(au) < 5 62u>
ot i,j+% dx i,j+%
u 1—ui,j

Ljts _c? (ui+j,j+1—Zui,j+1+ui—1,j+1 n Ujyqy,j —2Ujj + ui—l,j)
k 9 h?2 h?2

Laplace Equation: Finite-Difference method:

Laplace’s equation at the point (x;, y;)

2 62
Wu(xi’yi) 4+ 37 ulxy,y) =0

0%u 0%u
Gz), + 55), =0

Central space (CTCS) finite-difference approximation:

Uiy, j—2Ug j+U—1j 2 Ui j+1~2U 5+ U j—q
k2 o h2

Euler’s Method: y(x;;1) = y(x;) + hy'(x;)

Yier = Yi + hf (X, y0)
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