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PART A

Q1

Q2
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A periodic function is defined by

(a)

(b)

(c)

(@

®

©

f(x)={

2r, —mw<x<0
2x, O<x<=m

f(x)= fx+27).

Sketch the graph of the function over ~z <x <.

(2 marks)
Determine whether the function is even, odd or neither.
(1 mark)
Show that the Fourier series of the function f(x) is
3 o[- -1] oy
— 42y = =cos{mx)-2 X —sin(nx).
2 n=l ﬂ,nz ( ) a=l g ( )
(17 marks)
2 4 6
Given that cosx=1-2_4+2 %
21 41 6!
(i) Find the first three nonzero terms of a power series for Sme .
x
{3 marks)
. 1 sinx . . .
(ii}  Hence, evaluate I ——= dx by using the series expansion.
0o T
(3 marks)
@ nZ
(i) Determine whether the series z —, converges or diverges by using
n=| €
ratio test.
(3 marks)
. . RN G Vi
(ii))  Determine whether the series z converges absohutely,

n=1 ‘/;
converges conditionally, or diverges by using a suitable convergence
test.
(5 marks)

Find the radius of convergence of 23 (x=2)" .

L]

(6 marks)



PARTB
Q3 (a
)]
©)
Q4 (3)
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Solve the differential equation given below by using the method of separation
of variables,

(1+x)%=x -y,

Hence, find the particular solution when 3{(1)=0.
(7 marks)

By using the substitution of y = xv and % = x% +v, find the solution of

Q—xl_‘_yz
& 3xy

(6 marks)

In a certain culture of bacteria, the rate of increase is proportional to the
number of present. If it is found that the number doubles in 4 hours, how many
may expected at the end of 12 hours?

[Hint: -‘%— =kN , where N denotes the number of bacteria at time, ¢ hours

and k is the proportionality factor.]

(7 marks)
Use the method of variation of parameters to solve
Yy +y=secxtanx,
which satisfies the initial conditions y(0)=0 and y'(0)=2.
[Hint: sec’ x+tan® x=1, Isec’x dx = tan x.)]
(10 marks)
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QB (3
(b)
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(b)
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A spring is stretched 0.1 m (= A7)} when a 4 kg mass (= M) is attached. The

weight is then pulled down an additional 0.2 m and released with an upward
velocity of 4 m/s. Neglect damping, c. If the general equation describing the
spring-mass system is

M +cu' +ku=0,

find an equation for the position of the spring at any time .

[Hint: weight W =Mg, g~98, k= %]

(10 marks)
Find
(D L'{e"tz +—§;}.
€
(3 marks)
(i)  L{rcoshdr+r8(t-3)}.
(3 marks)
(i)  £{sinh(3)+e* H(t-3)}.
(4 marks)
By using Laplace transform, solve
Y'-2y'+y=¢, W0)=-2, y'(0)=-3.
(10 marks)
Find
. 1 5s 6
® < {s’ -4+(s—2)2+4}'
(3 marks)
o _, 165’
@ £ {(s—3)(s+l)2 }
(7 marks)

Find the general solution for the second order differential equation
y =3y +2y=x*+2-5sinx,

by using the undetermined coefficient method.
(10 marks)

-END OF QUESTION-
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Second-order Differential Equation
The roots of characteristic equation and the general solution for differential equation

a'+by' +cy =0,
Characteristic equation: am’ +bm+c =0,

Case | The roots of characteristic equation General solution
. | Real and different roots:  m, and m, y=Ae™ + Be™"
2. | Real and equal roots: m=m =m, y=(A+ Bx)e™
3. | Complex roots:m, =a+ i, my,=a—fi | y=e=(Acos fx+ Bsin fix)

The method of undetermined coefficients
For non-homogeneous second order differential equation ay” +5y'+cy = f(x), the particular

solution is given by y (x):

f{x) Y, (%)
PxX)=Ax"+A4_x"'+ +Ax+4, | X (Bx"+B_x""' +-+Bx+B,)
Ce™ x (Pe™)
Ccos fix or Csin Sx x"(Pcos fx+(sin fx)
P (x)e™ x(Bx"+B,_x""+---+ Bx+B)e™
» (x){cos Bx x'(Bx"+B_x""'+-+Bx+B)cos fx+
"7 sin fBx x(Cx" +C,_x"" +.--+Cix+C,)sin fx
Ce™ {cos Bx x"e™ (Pcos fx+Qsin fx)
sin Bx
P (x)e™ {cos Bx x(Bx"+B_x""+--+Bx+B,))e” cos fx+
i sin Bx x"(Cx" +C, X" +++++ Cx+C, )™ sin fix

Note : r is the least non-negative integer (» = 0, 1, or 2) which determine such that there
is no terms in particular integrai y,(x) corresponds to the complementary function

y(x).

The method of variation of parameters

If the solution of the homogeneous equation ay”+b)' +cy =0 is y, = Ay, + By,, then the
particular solution for @y" +by" +cy = f(x) is

y=up +vys,
where u=—[2L 0 e 4,y = (2L 4oy g ang W=\y', = gy = o
aW aW Y Y2
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Laplace Transform

L Oy=[ fOe"di =F(s)

F(t) F(s) J) F(s)
a g H(t-a) e”
5 5
i A f@-a)H(~a) “F(s)
sS—a
: a ~as
sinar T, o(t - a) e
cosat s f®5¢—a) ¢ f(a)
ST +a
sinhat R J, Sz -u)dn F(5)-G(s)
5
Yy
cosh at T ) (s)
n=1273,.. ;;1—, ¥ s¥(s)—»(0)
e’ f() F (S - a) ') s’Y(s)~ sy(0) = y'(0)

L0, n=123,..

-y

Fourier Series

Fourier series expansion of periodic

function with period 2L

f(x) =la‘J +Za, cosfﬂ—+2b,, sin—'-’ﬂ
2 =k L =] L

where

s0=1f", s

I ¢L nax
=L S

| rY A . AXx
b=~ j_L f@)sin—= dx

where

f(x)= 2a0+Za cos 2%

2cl
=<, fo &

Fourier half-range series expansion

+Zb sm—

n=1

2L nax
a,,=z_|-0 f(xyo0s—— dx

2rL . nx
b”=f-[0 f(x)sm—L—dx






