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Q1  (a)

(b)

(c)

If z=xf(x+y)+yg(x+y) where f and g are arbitrary functions, form a
second order partial differential equation

627 627 82,_,
=k,
ox? o’ 0x0y

where k is a constant to be determined.

(3 marks)
Solve the following traffic flow problem,
u ou % Al
—+(1-2u)—=0, u(x, 0)=x{x"+1) .
ot ( ) ox ( ) ( )
(5 marks)
A periodic function f (x) is defined by
. —cos(x), -m<x<0,
fix)=
cos(x), O<x<,
and f(x)=f(x+27).
1) Show that the Fourier series is given by
_ 8 & nsin(2nx)
X)=— .
/ ( ) /4 ”z_:l (2/1 —1)(211+1)
(7 marks)
i1) By choosing an appropriate value of x, deduce the sum of the infinite series
1 3
e Tt + —
1-3 57 9-11
(4 marks)
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Q2 Given

2 2 2
P BN L
ot Oxot ox* 1+tox 1+t ot

for —o<x<ow, t>0.
a) Show that the above equation is hyperbolic type and
¢ =x—1* and n=x+2¢,

are characteristic coordinates for the equation.
(8 marks)

(b) Obtain the canonical form of the equation and find the general solution.
(5 marks)

(¢) If the initial conditions are

u(x, 0)=f(x) and %(.\‘, 0)=g(x), for —o<x <o,

show that the general solution can be written as

x+2t

u(x, f):f(.\’—fz)-f-% j g(r)dr.

“~ bl

x—t

(9 marks)

Q3 (a) Find a formal solution of a vibrating string with fixed ends:
Uy, —czuxx =0, Dex<l, t>0

u(O,t):u(L,t)zO, t>0
u(x,0)=f(x), u (x,0) =g(x}, 0Sx=k

using the separation of variables method.
(15 marks)

(b) Prove that the solution in Q3 (a) can be represented as a superposition of a forward
and a backward wave.
(4 marks)
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Q4

Q5

The voltage distribution in an electric transmission line is given by

v =kv, for D<x<i; 120,

XX

A voltage equal to zero is maintained at x =/, while at the end x =0, the voltage varies
according to the

v(0, 1)=Ct, t>0,

where C is a constant. Find v(x,7) if the initial voltage distribution is zero.

(20 marks)
Consider the Laplacian in cylindrical polar coordinates

1 8( 011) 1 0%u
——|r— |+=—=0,
ror\ or 2 06*

in the disk ¢ <r<b and 0 <O <27 . Use the method of separation of variables to derive
the general solution for « in this region. Next, given the boundary conditions

u(a, 6’):7’1, u(b, 0)=%,

write down the exact solution.
(20 marks)

- END OF QUESTIONS -
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FINAL EXAMINATION
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EQUATION
Formulae

| :
Fourier Series: f(x)= an +Z{a cos(nf ]+b [?)}

n=l|

Lee
where «, =?J._(‘/(x)dx ,

1 pe nwx
— E —_— C — 7
a, fj_lf(.x)cos( ; )dx, N B e TR

1 pe¢ o [ REXY . _
=—[I_[f(.x)sm(7)dx, n=12,3,..

nwx
Half Range Cosine Series: f(x)= —ao +Za cos( . ) .

n=|

{ .
where a, = —j. f(x)dx,

—I f(x)cos( )dx a=123 ..

; =, . [ nmx
Half Range Sine Series: f(x)= Zbu sin [—[—) g

n=l|

where b, = —J' j(x)sin( c )d\ A=123 0
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