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Q1

Q2

()

(b)

(c)

(2)

(b)

(i) State the difference between a particular solution and a general solution of a
linear differential equation.
(2 marks)

(i)  Determine the order, the unknown function and the independent variable of
the following differential equation.

d’x )
=y +1.
y[dyzj Y

Solve the first order differential equation given as

(3 marks)

(xyS)%: 29* + x*,
(8 marks)

A certain radioactive material is known to decay at a rate proportional to the amount
present. If initially there are 50 milligrams of the material present and after two
hours it is observed that the material has lost 10 percent of its original mass, find

(i) an expression for the mass of the material at any time, .
(5 marks)

(i)  the mass of the material after five hours.
(2 marks)

By the undetermined coefficient method, find the general solution of the differential
equation,

2
d = Y 25y = 4e.
dx dx
(10 marks)
Solve the differential equation,
y'+2y'+y=e"Inx
by using the variation of parameters method.
(10 marks)
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Q3 ()
(b)
(©
Q4 (a)
(b)

Verify that the Laplace transform of

f() :sinh%t+cosh31
is given by

4s° +2s* —5-18

(45 =1)(s>-9)

(5 marks)
Determine the inverse Laplace transform of = !
s(s”+1)
(6 marks)
Solve the following differential equation by using the Laplace transform.
) , 0, i<l
yi+y=f0, »0)=0, »'(0)=0, and f (1) =
2, t>1
(9 marks)

By using the power series method, verify that y = ¢, cosx + ¢, sinx is the solution of
y'+y=0.

Assume that the solution has the form of y = Zcmx’” .

m=0
(10 marks)

By using an appropriate power series method, determine the solution to the given
equation up to x* only.

y'==2xy, y2)=1, »y'(2)=0.
(10 marks)
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Q5 (a) Given the differential equation,
2 " px=0.

(1) Reduce the equation above to a system of first order differential equations.
(5 marks)

(1)  Write the system in QS5 (a) (i) in matrix form.
(3 marks)
(b) By using the Laplace transform, solve the following system of linear differential
equations
Yi+z+y=0

z+y =0

subject to conditions  y(0)=0, y'(0)=1, z(0)=1.
(12 marks)

— END OF QUESTIONS —
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FORMULA

Second-order Differential Equation
The roots of characteristic equation and the general solution for differential equation

d2
ay"+by'+cy=0o0r ap+by+cy=0 or a—-—X+b—Z+cy:O.
g a’ d
x b

Characteristic equation: am” +bm +c = 0.
Case | The roots of characteristic equation General solution

1. | Real and different roots: ~ m, and m, y = Ae™ + Be™

2. | Real and equal roots: =y =1, y=(A+ Bx)e™

3. | Complexroots:m, =a+ fi, my=a—[i | y=e™(Acos fx+ Bsin fx)

The method of undetermined coefficients
For non-homogeneous second order differential equation ay”+by'+cy = f(x), the particular

solution is given by y,(x):

J(x) ¥y, (%)

P(x)=4x"+A4, x""++4x+4, | xX'(Bx"+B,_x""++Bx+B,)
Ce™ x"(Pe™)
Ccos fBx or Csin fx x"(Pcos fBx+ Qsin fx)
P (x)e™ x"(Bx"+B, x""+-+Bx+B,)e™
P () {cos Bx x"(Bx"+B,_x"" +--+Bx+B,)cos fx+

" sin Bx x"(Cx"+C, x" "+ +Cx+C,)sin Bx
Cot {cos Fx x"e* (P cos fx + Qsin fx)

sin fx

P (x)e {cos Bx x"(Bx"+B, x"" +-+ Bx+ B,)e” cos Bx +

’ sin Bx X (Cx"+C, _x" 4 +Cx+C,)e™ sin Bx

Note : r is the least non-negative integer (r = 0, 1, or 2) which determine such that there is no
terms in particular integral y ,(x) corresponds to the complementary function y.(x) .

The method of variation of parameters
If the solution of the homogeneous equation ay"+by +cy=0 is y, = Ay, +By,, then the

particular solution for ay” +by'+cy = f(x) is
y=y.+y,, and y, =uy, +vy,,

ny(x) dx
aWw

Y s
oY

where u = — =Yy = VW1

-

v:f—y‘f(x)dx and W =
aW
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Laplace Transform
LU0} =[] f()e™di = F(s)
S @) F(s) S@) F(s)
L a H( - a) g
S N
1 ‘
o4 ft-a)H(t—a) e “F(s)
S—a
a
sin at o(t—a) —as
S2 Fy 612 ¢
cosat s F S -a) e f(a)
s“+a
sinh at s [ f@g—u)du F(s)-G(s)
S —a
cosh at 5 d 5 () Y(s)
S —da
n! ,
", n=12,3,.. — y'(0) sY(s) - »(0)
A
e £ (1) F(s—a) V() s*Y (5) = sy(0) = y'(0)
s i=12.3,.« (-1” d F(s)
ds”

Representation of Functions in Power Series

X3 5 7 2 4

; X b X X 5 x x° %
sinx =x— —_———t.... , cosx=l—-—+———+... , e =l —+—+—+.....
357 2041 6! o2 3
Maclaurin series
- m ‘xm ] 1 n 1 "
y(x) =Y y"(0) == y(0)+y'(0)x+—y 0)x* +=y"(0)x> + ..o
o m! 2! 3!
Taylor series, at x = a,
. m X—da " ' 1 " 1 "
yx) =Yy (a)% = y(a)+ y'(a)(x —a) 77 (a)(x —a)* T (@) (x=a)> + ...
m=0 o ' .
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