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Find the local extremums and saddle point (if exists) for the function
fryy=2x"+y* -2xp.

(10 marks)
Use the spherical coordinates to evaluate
3
2 f2—y2 {4_xz_y2 2
[ | (x2+y2+22) dz dx dy .
0 _Jap?  xley?
{10 marks)

The displacement of a particle at time ¢ is given by
r(r)=3costi + 3 sintj +4tk, 0=¢<2m.
(i) Find the velocity v(¢), the unit tangent vector T(¢), and the unit normal
vector N(¢).
(ii) Sketch the graph of r(z).
(10 marks)

Find the moment of inertia about z -axis, I, of a solid G, where G is the solid

in the first octant bounded by paraboloids

z=x%+y* and z=2-x2—y?

with a density function given by
o(x,¥,2)= xt+y?.
(10 marks)

Evaluate the line integral
[ 2 +yt—x)dx+yx2 +y* dy
C
where C is the path consists of a line segment from (0, 0) to (1, 0) and along a

semicircle y =+1-x? from (i, 0) to (-1, 0).
(10 marks)

Given the vector field
F(x,y,z)= (2xy+z3)i —x? J +3xz2k
() Show that F is a conservative vector field.
(ii)  Find its potential function ¢.
(iii)  Hence, find the work done in this field to move an object from a point
(1,1,1) to (2,2,2).
{10 marks)
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Use Green's theorem to evaluate the integral
§c (eJlf +y2)dx+ (ey + xz)aﬁv

where C is the boundary of the region enclosed by y = x% and x = yz, and curve

C is oriented counterclockwise.
(10 marks)

Use Stokes’ theorem to evaluate the work done by the force field
F(x,y,z) =xzi+xyj+3xzk

along the curve C where C is the intersection between the cylinder x?+ y2 =4
and the plane y + z =3 oriented counter clockwise.
(16 marks)

Let o be surface of z=5-x2 - y? for z >1 oriented upward. The vector field
F(x,y,z)=xi+yj+zk across surface o. Find the flux of vector field F,
|| F-ndS.

a

(10 marks)

Use the Gauss’s Theorem to evaluate the flux of vector field F across surface o,
where F(x, y,z) = xy2 i+ yz2 j +x2zk and o is the surface of the solid bounded

above by sphere x* + y? +z? =4 and below by the cone z = 1/x2 +y2 .
(10 marks)
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Formulae
Polar coordinate: x =rcos®, y=rsin@, 8 =tan"'(y/x), and [ f(x,y)dA = [ f(r.8) rdr do
R R
Cylindrical coordinate: x =rcos@, y=rsind, z=z, [[[ f(x,y,2)dV = [[f f(r.8,z)r dz drd€
G G

Spherical coordinate: x = psingcos®, y = psingsind, z = pcosg, 2 +y? 422 = p2,
0<0<2r,0<¢<x,and

[If £ Cx, y, 2)dV = fgf(p, $,0)p” sing dpdg do
G

Directional derivative: D, f(x,y) = foi +fy j)- u

Let F(x,y,z)=Mi+ N j+ Pk is vector field, then

the divergence of F=V-F = @J_+gg+6_P
o&x oy oz
i j kK
thecurlt;:fF:VxF=i o 9[22 N i—(@—%}ﬁ ON _oM k
ox oy Oz \&y oz & Oz ox oy
M N P
Let C is a smooth curve given by r(f) = x(¢)i + y{£)j+ z(#)K, ¢ is parameter, then
the unit tangent vector: T() = _"T(Q
'@l
the unit normal vector: N(1) = l’(f)_
[r®l
the binormal vector: B(1) = T(t)x N{#)
T'(¢ r'{Oxr'(t
the curvature: K= " ’( )" = “ “) § )H
Irof e
the radius of curvature: p=lx

Green Theorem: gde +Ndy= j}{[%—%]d/t

Gauss Theorem: [ Fe ndS = {[f VeFdV
s G

Stokes’ Theorem: {F ¢ dr = {[(VxF)endS
C hy

Arc length
If r(?) = %(0)i+ p(0) j, ¢ € [a, b], then the arc length s = ’f|| r'(e) |t = ?\/[x'(z)]2 +yof a

I v(t) = x(0i + y(0)j + 200K , ¢ € [a,5], then the arc length 5 = | [P + Y OF + ZOF dt
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Tangent Plane
z-zq = f(x0, yo hxr — %)+ £, (x0, yo Ny — »o)

Extreme of two variable functions

G(x,3) = o)y 5 0) ~(fy (5 )

Casel: If G(a,b)> 0and f, (x,y) <0 then f has local maximum at (a,b)
Case2: If G(a,b) >0and f(x,y}>0 then f has local minimum at (a,b)
Case3: If G(a,b) <0 then f has a saddle point at (a,b)

Cased: If G(a,b) =0 then no conclusion can be made.

In 2-D: Lamina

Mass: m = [[5(x, y)dA, where 6(x, y) is a density of lamina.
R

Moment of mass: (i) about y -axis, M, = [[x5(x,y)dA, (i) about x -axis, M, = [[y5(x,y)d4
R R

ﬁ&]

Centre of mass, (55, ﬁ) = (
m m

Moment inertia: (i) /, = [|x25(x, y)dd, (i) I = [ y25(x, y)dA, (iii) 1, = [[(x + »* )o(x, y)da
R R R
In 3-D: Solid
Mass, m = [[[5(x,y,z)dV . If 8(x,y,z)=c, c is aconstant, then m = [[fdd is volume.
G

G
Moment of mass

(i)  about yz-plane, M . = j({}]' x8(x,y,z)dV
(i)  about xz-plane, M, = [[[ y8(x, v, z)dV
G

(iii)  about xy-pane, M, = [[[z5(x,y,z)dV

M, M_ M
Centre of gravity, (¥,7,7)= ( S M. 4 J
m’ ' m m

Moment inertia
(i) about x -axis: [, = jﬂ(yz + 22)5(x,y, z)dv
G

(ii)  about y-axis: I, =[ff (x2 + zz)é(x, v,z)dV
G

(iii}  about z-axis: I, =[] (x2 + y? )5(1:, y,z)dV
G






