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PART A

Q1 A periodic function is defined by

U. -E <x < --.'2'

f (x) = f (x +2zr).

(a) Sketch the graph ofthe firnction over -2tt<x<2n.

(b) Determine whether the function is ever! odd or neither.

(c) Show that the Fourier series ofthe function /(x) is

(4 marks)

(1 marks)

2*8 i"i"("%) "o"*.rfrn
(15 marks)

e2 An insulated uniform metal bar, 2 units long, has the temperature of its ends maintained at

OoC and at t = 0 the temperature distribution /(x) along the bar is defined by

f(x) = 2x' - 4x . Given a heat conduction equation

}tu | 0u

*=V at

with c2 = 9.

(a) By separation of variables, the solution of heat equation above can be written as

u(x,t) = x (x)T(t) . By implementing this method and applytng the boundary

conditions. show that

g , -.-(nzx) -{9"
u(x,t)= L4slnl , )"

where .4, is an arbitrary constant.
(14 marks)

(b) Then, apply initial condition to find 1,.
(6 marks)
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PART B

Q3 (a) Solve the following linear differential equation

(cosr)f +(sinx)y = 2cos3 xsinx - I

(*\
when vl a l=tJi.'\4)

(l I marks)

(b) Given a differential equation

l( *), - *la,. [r'('' + t) - 2fdv = o.
L\r-+r/ I .

(i) Show that the equation is exact.

(ii) Solve the differential equation fory(r).
(9 marks)

Q4 (a) Solve y"+9y=sec3; by using variation ofparameters method'
(12 marks)

O) The equation of motion is govemed by

.. a k F(t)r+-r+-I=-MMM

where Mis a mass, a is resistance, t is a spring constant and F(4 is an extemal force.

A steel ball has a mass of 2 kg is suspended from a spring with a known spring

constant of 32 N/m.

(i) Assuming no air resistance and no extemal force, show that an expression for
the position of the ball at any time t is

x(t) = 1so"4, * Bsin4l.

(i0 Hence, find I and B if r(0) = n *6 i(0) = 1 '
(8 marks)
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Q5 (a) Showthat .C{tcos4tt =,1- -tu,,

(s' + l6)
(7 marks)

O) From Q5(a), find, tlte-3' cos4t \.
(3 marks)

(c) Consider the firnction

f o, o<t<n,
str)={-sinr, t>n.

(D Write the function g(t)in the form of Heaviside / unit step function.

(ii) Then, find the Laplace transform of g(r).

[Hint: sin(l + B) = sin ,{ cos -B + cos I sin B ]
(10 marks)

Q6 (a) Find the inverse Laplace transform of the following functions.

(i) 161=-!"-'
(s2 + l)'

(ii) rG)=s,l*+1s.
(7 marks)

(b) Given the second order linear differential equation

Y' +5Y' +6Y = s-'

with the boundary conditions, y(0)=0 and v'(0) = 0.

(i) Show that by using Laplace transform' the differential equation above

becomes

t
Iz(.s)=------l-.

(s+1)(s'+5s+6)

(iD Hence, solve t-t {Y(s)} .

(13 marks)
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X'ormulae

Characteristic Equrtion and General Solution

Case Roots of the Characteristic Eouation General Solution

I

2

3

m, and m, ; real and distinct

frt = fiz = t? ; real and equal

m=a!i0 ; imaginary

y=asnr'qg"nz'

y=(A+Bx)e"'

y=e"'(A@sfu+Bsinft)

Particular Inte gnl of ay" + by' + cy = f (x) z Method of Undetennined Coellicients

f(x) Y p(r)

P"(x)=1,7'+"'+Ai+Ao x'(B,x'+...+Brr+4)

Ceo' x' (Pe"')

Ccos fu ot Csin fu x'(pcosBx+qsinfx)

P"(x) e"' x' (B,x' +... + Brx + Bo)e"'

lcosBxp,(r).{riopx
x' (B,x' +'.. + Brx + Bo)c s B x +

x' (C,x' + ... + Crx + Co)sin B x

Ce"' .[cos F x

[sin Bx
x'e"'(pcos p x + q sin P x)

P,(x)e"' . {cos/r
[sin B x

x'(B,x' +...+Brx+4)e- cosBx +

x' (C,x' +... + qx + Co)e* sn P x

Particular Inte gril of ay" + by' + cy = f (x) t Method of Variation of Parameters

Wronskian Parameter Solution

w= lY' lz
Iv,' v,' "=-l#*,,,=l#* Yp=urYt+uzY2

5
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Periodic Function for Lrplrce trNnsform : tUA>l: #ff e-"' f 1t1dt, s > O.

Fourier Series

f @, = + - Ila. cos ff + n. "^ry)

a=ll!,raw

", = +l:"f @)"os!!adx

b, = +l:"r@)'iv,!!a6

where

Laplace Transforms

Ltf @\ = I; f (t)e-"'dt = F(s)

f (t) r(s) f (t) F(s)

a
a
J

H(t - o) e-
;

tn , n=1,2,3,..
nl

/+' f (t - a)H(t - a') e-^F(s)

eo'
I

s-a
5(t - a) e-6

sin at f (t)6(t - a) e-^.f (a)

cosa,
J

--t-----,
s- +a- l"f{"ls{, -"lau F(s).G(s)

sinh at v(t) r(s)

cosh dt v'(t) sr(s) - y(0)

e"'f(t) F(s - a) v'(t) s'f1s;-q),10;-y'10;

{f(t1, n=1,2,3,.. , ,,, d'r'(s)
t- r, _




