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PART A: ANSWER ANY THREE (3) QUESTIONS

Q1

Q2

Q3

Solve the following first order ordinary differential equations with the initial value
y(0) =1

(a) d_y . yz +x2

dx 2xy
(10 marks)
) & __ 2%
dx 4y+x?
(10 marks)

Given the second order non-homogeneous ordinary differential equation:
y" =2y +y = 5e*

Taking y(0) = 1 and y'(0) = 2, perform the following:

(a) Solve the initial value problem by using the method of undetermined coefficients.

(10 marks)
(b) Solve the same problem by using the method of variation of parameters.
(10 marks)
(a) Solve the following integral:
* e~3tsin? (t
f —-—L)“dt
0 t
*Hint: The integration can be performed using Laplace transform.
(6 marks)

(b) Sketch the graph and express the following function in terms of unit step functions
and find the corresponding Laplace transform.

t, 0<t<3
f(t)={3—t. 3<t w6
0, t=26

(14 marks)
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Q4

A second order non-homogeneous ordinary differential equation is given as:

y" —5y' + 6y = 10 cos (t)
with initial conditions y(0) = 1 and y'(0) =

(a) Find the Laplace transform and arrange the resulting equation in terms of ¥(s).
: (5 marks)

(b) Continue to solve the equation using partial fractions and the inverse Laplace
transform.
(10 marks)

(c) Taking the initial conditions for the problem Q4 to be y(0) = 1 and y'(0) = 1,
calculate the particular solution.

(5 marks)
PART B: ANSWER ALL QUESTIONS
Q5 A periodic function f(x) = x? is defined over an interval of —27w < x < 27
(a) Sketch this function over the given interval.
(4 marks)
(b) Prove that the function is an EVEN function.
(4 marks)
(c) Compute the Fourier series for the given function.
(12 marks)
Q6  Consider a wave traveling along a stretched string. The string is attached to rigid

surfaces at both ends over a distance of n (mm). The one-dimensional wave equation
describes how the displacement u(x,f) of the string or rod varies with position x and
time 7. The one-dimensional wave equation is given by:

o*u C2 d%u
a2~ ax?

02x T

where ¢ is the wave speed representing how fast the wave propagates. The boundary
and initial conditions are given as follows:

Boundary condition:
w0t =0 t>0
wirtr=0 50
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(a) If the wave speed is taken to be ¢ = 2 m/s, show that the general solution for the
equation above can be expressed by:

oo

lxt) = Z [b,, sin(nx) cos(2nt) + d, sin(nx) sin(2nt)]

n=1
where b, and d, are series constants.
(15 marks)

(b) By taking the following values for b, and dj, respectively, obtain the particular
solution to the wave equation.

o e it
R where k = 1,2,3 ..
d, =0

(5 marks)

- END OF QUESTIONS -
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APPENDIX A

First Order Differential Equations

Type of ODEs

General solution

Linear ODEs:
y' +P(x)y = Q(x)

= @~ elige f el P®axQ (x)dx + C}

Exact ODEs:
f(xy)dx + g(x,y)dy = 0

F(x,vy) =ff(x,y)dx

.

FGuy) - Lai —geylay =c

Inexact ODEs:
M(x,y)dx + N(x,y)dy = 0

oM % oN
dy  dx
Integrating factor;
i(x)= ej e where f(x)= L[aﬁ ——EXJ

N\ o
)=l EY e g(y) = -]:7[%~%ﬂ

J'fM(x, y)dx— 'f =

B(J-iM %, y)dx)—iN(x, T

Characteristic Equation and General Solution for Second Order Differential Equations

Types of Roots

General Solution

Real and Distinct Roots: m, and m,

y=ce™ +c,e™*

Real and Repeated Roots: m, =m, =m

y=ce™ +c,xe™

_Complex Conjugate Roots: m=a+if

' =e"* (¢, cos fx+c, sin Bx
D, 1 2

Method of Undetermined Coefficients

g(x) Y,
Polynomial: P, (x)=a,x"+...+ax+aq, X (Ax" 4.+ 4x+4,)
Exponential: ¢~ x"(4e™)
Sine or Cosine: cos fx or sin fx x"(Acos Bx+ Bsin fx)

Note: ris 0, 1,2 ... in such a way that no terms in v, (x)is similar to those in y_(x).
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Method of Variation of Parameters

The particular solution for y" + by’ + ¢y = g(x) with 4 and ¢ as constants is:
Yo (x) = wyyy + upy,

where,
U = —f——-—yzifx) dx
and

U, = f“—ylfvfx) dx

where,
W= ly'l Y2 I

v ¥

Laplace Transform

LY@} =[1()e™dt=F(s)

S(t) F(s)
a a
.r=1,23... n!
n+l
e” 1
s—a
sinat a
s*+a’
cosat 5
s*+a
sinh at a
st -a’
cosh at 5
ot
e” £(t) F(s—a)
PIa=1273.. (-1)" d"F(s)
ds"
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Laplace Transform (continued)
H(t—a) g™
s
f(t—a)H(t—a) e F(s)
f()d(t-a) e*f(a)
y(t) ¥(s)
EQ s¥(s)=1(0)
() s*¥(s) —sp(0) —»'(0)

Partial Fraction Expansion

Factor in Term in partial
denominator fraction decomposition
A
ar+b L
ax + b
A Ay Ay
5 = = 2 L k=1,2.3,...
(ax +b) ar + b (az + b)* (ax +b)
4 Az + B
ax” +bx + ¢ —
ar*+br+c
(]L2+’)L+(‘)‘,__ Ayr+ By Asx + Ba Apr + By B
ar T o . f F e Lt s S
ar* +br ¢ (az?+bx+c)’ (az? + br + )"

Fourier Series

Fourier series expansion of periodic
function with period 2n

a,=1 ] rax
jrw:z

a, =l .T f(x)cos nxdx
z"‘ﬂ'

-
T

j S (x)sin nxdx
i b, sinnx

n=]

i) =%au +Za" cos nx +
n=l

Half Range Series

2L
a, =Ei[f(x)dx

2% nITX
a, —z!:f(x)cos-—L—dx

2

&

L
nwx
b sin ——dx
h lf(x) 7

1 = X & . hMTX
G = ay+ Zan cos—+an smT
L n=| n=|
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Trigonometric Identities

TANGENT IDENTITIES

sind N 1
. cscf = ——
tand s sinz
g = 58 MY
~ sind 1
coté = =
= -}

EVEN/ODD IDENTITIES

sin{—68) = —siné

RECIPROCAL IDENTITIES

PYTHAGOREAN IDENTITIES

[ ] 2
56 = —— sin- & +cos~6 =1
fsco
1 2 - =
PR e tan- 6+ 1 =sec-6
seco
G 1__ cot*8 + 1 =csc" 6
colo

DOUBLE ANGLE IDENTITIES

sin{26} = 2sinf cosd

HALF ANGLE IDENTITIES

{ [ 1-cosf
. . sl 3 =% |=—
cosi—61 = cos6 cos(26) = cos- & —sin- 8 = W
tan(—8) = — tané =2cos"6—1 é 1~cosé
cos | ===
cscl—8) = — csch =1-2sin"§ < L
seci—6) = sech X 2tané (6 '1—cosé
tan(26) = ———— an(=)==
. 1—tan- & 2 yLlFcesE
cot{ ~#) = — cotd
PRODUCT TO SUM IDENTITIES SUM TO PRODUCT IDENTITIES
) . . . (fa+8 je—§8
sittasin B =3Lccs!_a — 8= cosla + £)] sing +sinf = 23::'.1: B J_} ccs ( . 3 J)
Q * r s P R s a -+ by (14 B
cosccos b ZE[CC’S'-,({'—SJ'T'CCSI‘&'?':,] sina -—SAF,}::CUS: = }s.n{ = }

2|

sinacos § == [sin(a + 8) + sinfla — 3))

L}

T ] =

cosasinf = <isinfla + 8] — sin{a — 8)]

SUN/DIFFERENCES IDENTITIES
sinle £ ) =sinacosf tcosasinf
cosla + f) = cosacosS Fsinesins

tang +tanff

tanlg + §) = —————
l+tanctanf

LAW OF SINES

sina  sing

G o 3

siny

a+ By
ccsrr-!-cosﬁ’:lccs(t: }ccs(ﬂj )
+ By -8
ccs.'t—ccs.G‘:—Zsiv(a b}g:n(a? )
MOLLWEIDE'S FORMULA

1
a+h C€oOs [35.C< —ﬁJ]

& sin (%}]
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PERIODIC IDENTITIES

sin{f + 2an) =siné
cosl8 + 2an) = cosé
tan(é + rn)=rtané

csc{f + 27n) = csc6
seclf + 2n) = secé

cotifi + wn) = coté

LAW OF COSINES

=b*+¢* - 2bccos

=]

b*=a*+c*—2accos §

ct=a*+ b*—2abcosy

LAW OF TANGENTS

B ot
c—-b tanfzia-5

1

tan [%'_n +8)

G+ b

i .
b—-r tan[?QE‘_lﬁ

b”'fh 1!? |
FETY)

ran

1 1
a—c tan[im =¥l

a+c

tan [;:{n + r]l
COFUNCTION IDENTITIES

sin[ g—&) = coz @

o

csc(-;—el =secl
s

:a!‘.(;—&\}:cctﬁ
2L

cos( =—@)=sing
.

sec| %—ai =cscf
T \

cot| s —8) =tanp
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