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Q1 (a) Use implicit partial differentiation to determine expressions for % in the
29

following cases:

(1) x5 + 2y? = 3xy*

(3 marks)
(i)  sinx—6sinxcosy = tany
(5 marks)
(b) For a differentiable function f(x,y)with x = rcos@ and y = rsind ;
(1) Draw the Tree diagram; and
(2 marks)

(i) ~ Write down the Chain Rule from the Tree diagram and show that:
L=1 cosf + f,sind.
(5 marks)

(c) Calculate the volume bounded by the surfaces 2x 4+ ¥+ z =4, planes
x =0,y =0 and z = 0. Sketch the 3-dimensional graph and projection on
xy-plane to support your answer.

(10 marks)
Q2 (a) Provide TWO (2) examples of applications that use triple integration in
calculus.
(2 marks)
(b) Evaluate the following triple integral:
2 r3x ry-5
f f j (6z+ 1) dzdy dx
0 Jo Jo

(5 marks)

(c) A solid tetrahedron bounded by the following planes,
X4 2ytze=iq
x=y

b =0 [ ec—a0
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Q3

(d)

(a)

(b)

(c)

(d)

(e)

(1) Sketch the surface and the planes in a 3-dimensional Cartesian

coordinate system.

(1 mark)

(ii) Sketch the 2-dimensional projection on xy-plane.
(1 mark)

(iii)  Compute the volume of the solid bounded by the surface and the

planes.

(6 marks)

The solid region Q is the tetrahedron bounded by x+2y+3z=6and has a
density, p = 1. Show that the total mass, m of the solid region Q is 6.

(10 marks)

Differentiate between scalar field and vector and give an example each.

(5 marks)
Define the gradient of a scalar field in your own words.
(3 marks)

Find the gradient of f(x,y) below and state if the output is a scalar field or
vector field.

fx,y) =2x+xy
(5 marks)

Discuss the divergence of a vector field in your own words and support your
answer with an example.

(5 marks)

Based on the understanding from Q3(d):
(i) Calculate the divergence of the vector fields f and g below:
fy)=xi+yj
glxy)=yi-xj
(5 marks)
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(i) From the answers in Q3(e)(i), deduce whether the fields are
increasing in strength, decreasing in strength or not changing in
overall strength.

(2 marks)

Q4  Given that o are the surfaces of the cube bounded by —2<x <2, —2<y<2

and —2 < z < 2, oriented outward and f(x,y,z) = 5z Z is the vector field across o.

(a) Sketch the cube and show the unit vector normal, fi from each surface.

(5 marks)

(b) Calculate the flux integral (or also known as surface integral) for surfaces o, g3,
and o5 where:

(i) o 1s at positive xy-plane.

(3 marks)
(i1) o3 is at positive xz-plane.

(3 marks)
(iii) o5 is at positive yz-plane.

(3 marks)

(c) Calculate total flux integral for the surface ¢ using the Divergence Theorem.

(5 marks)

(d) List the benefits of using the divergence theorem over normal surface integral.
(3 marks)
(e) State the condition of the surface in order to use the Divergence Theorem.

(3 marks)

- END OF QUESTIONS -
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APPENDIX A

FORMULAS
Polar coordinate

x=rcosf, y=rsing, 6= tan_l(y/x), and [[ f(x,y)dA = [[ f(r,6) rdrd@
R R

Cylindrical coordinate

x=rcos 0, y=rsin6, z=z and ([[fGe.y.2)dV = [[[£(r.0.2)r dzdra6
G G

Spherical coordinate

x = psingcost, y=psingsing, z=pcosg, then x* +y* +z*> = p*, for 0<O<2x

0<g<mand [[[f(x,y.2)dV =[] f(p.¢,0)p" sing dpd¢dO
G G

A:[JdA

m = [[S(x,y)d4, where &(x,y) is a density of lamina
R

V=[] fy)dd

V=j£j dv

mE= IH O(x,y,z)dV
G

If /is a differentiable function of x, y and z, then the

Grad f(x, y, 2) =Vf(x, y, 2) = %H'% gf

If F(x, y,z) =Mi+N j+ Pk is a vector field in Cartesian coordinates, then the:

DivF=VF- F——+—— g
i j Kk
L -~
z ox X )
M N P
F is a conservative vector field if Curl of F = 0.
| =
| TERBUKA
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Surface Integral

Let S be a surface with equation z = g(x, y) and let R be its projection on the xy-plane.

J;J'_f(x,y,z) dsS = _[J-f(x, y.8(x, y))\/l “*“(gli) +(

Gauss’s Theorem
ij-MS:jHV-FdV
S G

Stokes’ Theorem

H(WF)mdS:j?F-dr

Unit normal vector

Outward Downward
dz. o0z Z.
0= Vo _ ‘"’é’;l—ﬂ]'f-k i V—o ax]‘l'al—k
[vg| 2 2 Ivel " 5
0z dz iz dz
(‘a‘;) +(5) * (55;) +(@) "

J aa
0

s ST o——
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Identities of Triconometry and Hyperbolic

Trigonometric Functions

cos’ x+sin’x=1
sin2x =2sinxcosx
cos2x =cos’x —sin? x
=2cos’ x—1
=1-2sin?x
1+tan® x =sec’ x

1+cot’x=csc’x

2tanx
tan2x = ———
l—tan” x
tanx *tan
i —————
l¥tanxtany

sin(x *+ y) = sin xcos y £cos xsin y
cos(x+ y)=cosxcos yFsinxsiny
2sin axcosbx =sin(a+b)x +sin(a —b)x

2sin axsin bx = cos(a — b)x —cos(a+ b)x

Hyperbolic Functions

X -X

& —€

o)

X

& 8

sinhx =

-X

coshx =

cosh’ x —sinh’ x =1

sinh2x = 2sinhxcoshx

cosh2x = cosh’ x +sinh’ x
=2¢osh’ x—1
=1+2sinh*x

1—tanh® x = sech’x

coth® x—1=csch’x

2tanhx

1+ tanh® x

tanh x + tanh y

1 + tanh x tanh y

sinh(x + y) = sinh x cosh y + cosh xsinh y

tanh2x =

tanh(x * y) =

cosh(x * y) = cosh xcosh y * sinh xsinh y
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Implicit Partial Differentiation

E = fx(x:y'z) a_Z sl fy(xaylz)

ax fz(x.y,z), ay fz(x:YrZ)

The derivative of f(x) with respect to x

f(x)=1lim

h—0

SG+h)-f(x)
h

Indefinite Integrals and Integration of Inverse Functions

Indefinite Integrals Integration of Inverse Functions

n+l dx=sin"~ +C x2 <02
Jx"dx=x +C, n=#-1 j\} [ )

n+1

. =cos”l(£J+C, x*<a
J‘ldx:InleC I\fa‘—xz a
X

. I ,1 1alx':ltEln_E(i]%-C
J'cosxabc: sinx+C a +x° a a

_] i
jsinxdx:—cosx+C J‘, —dx =cot” l[aJJrC

a +x

Isecz xdx=tanx+C g
T >q

1 1 %
————dx:—sec“[}rc,
J.IJC‘VIE -’ a a

J'csc2 xdx =—cotx+C
1 1 (x] 2 2
:—csc il * >a
a
+C

_[secxtanxa’.r:secx+C | x|vVx? —a?
Icscxcotxdx:—cscx+€ J'\/ia%—smh [ ]
jexdx=e"+C
dr—cosh( j+C x>a>0
'.-\/r —a"

fcoshxdx =sinhx+C
-1
_[ =—sech

+C', O<x<a

Jsinhxabc:coshx+(3 | x[ala? = a
sech’xdx = tanhx + C —csch +C x#0
I J.[xwa o
Jcschzxdx:—cothx+c 1 if &
Htanha(—J—kC, ¥ ¢q
1 a a
jsechxtanhxdr=—sechx+€ I 7 ydx = ) X
% == —coth“’(']-&C, ¥ >a
a a
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