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Q1 (a) Given the differential equation of

— = — 42
T Ay XY
(1) Show that the equation can be solved using separation of variables
method.
(3 marks)
(if)  Find the general solution for y using separation of variables method.
(3 marks)
(111)  Find the particular solution for y, given y(0) = 2.
(3 marks)
(b)  Check the exactness of the differential equation
.4
—dy = F dx
(4 marks)

(c) Given
gy  —{%+ ¥
dx 2xy+x?2—1

Find the particular solution for the differential equation using the exact method.
The initial condition is given as y(1) = 2.
(12 marks)

Q2 (a) Given a second-order differential equation (DE) function of

dl
_?: — }4‘ + _xex
dx

(1) Identify the complementary function, y, for the corresponding

homogeneous equation.
(2 marks)

(1)  Solve the given second-order DE function using method of undetermined
coefficient with initial conditions y(0)=1 and y'(0)=0.
(11 marks)

(b) By using variation of parameter method, solve the differential equation below.
(Hint: cosh(ax) = %(e‘” g0

y"-y=6coshx
(12 marks)
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Q3 (a)

(b)

(d)

Q4 (a)

(b)

(c)

A system of first-order DE is given as

Yi'=y1+ 6y, +2e*

v2' =3y, + 8y, —4e™*

(1) Evaluate the eigenvalues for the above homogeneous system.

(3 marks)
(1)  Find the corresponding eigenvectors for the above homogeneous system.
(6 marks)
(i)  Formulate the general solution for the homogenous system.
(1 mark)
Calculate the particular integral, ¥p, for the non-homogeneous system.
(10 marks)
Determine the general solution, ¥, for the non-homogeneous system.
(1 mark)
Obtain the particular solution for y; (x) and y, (x) with ¥(0) = G)
(4 marks)
Find the Laplace transform of the following functions.
O ¢ {ehy cosh Sr}
(2 marks)
i) £ {tz sin 31}
(5 marks)
8
Evaluate £ e
S +25+49
(4 marks)
1) 2 ;
Compute £ 5 using
S(s°+5)
(1)  Transform of integral
(3 marks)
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(4 marks)
(i1i)) Convolution theorem
(4 marks)
(d) Find £ {e”’ (%Jr%ﬁ)}
¥ 5 B
(3 marks)

- END OF QUESTIONS -
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APPENDIX A

First Order Exact Differential Equation

M(x,y)dx + N(x,y)dy = 0

1(x,y) = fde+f(y)

I(x,y) = f Ndy + g(x)

Second-Order Liner Constant Coefficient Homogeneous Differential Equation

The roots of characteristic equation and the general solution for differential equation

ay'(x) + by'(x) + cy(x) = 0

Characteristic equation: am? + bm + ¢ = 0.

Case The roots of characteristic equation General solution
Real and different roots:
1. y = Ae™* + Be™2%
my and m,
Real and equal roots:
2 ¥y = (A + Bx)e™
m=mq =m,
Complex roots: .
3. ) i y=e™(AcosBx+ Bsinfx)
my =a+fi,m, =a—pi

Second-Order Linear Constant Coefficient Non-Homogeneous Differential Equation

ay (x) + by (x) + cy(x) = f(x)

Variation of Parameter

el
A N
u':—j‘—yzf(x)dx+A 1’=I——y‘f('x)dx+8
aW aW
Yy =uy +vy,
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APPENDIX B

The Method Of Undetermined Coefficient For Second-Order Linear Constant

Coefficient Non-Homogeneous Differential Equation

ay (x) + by (x) + cy(x) = f(x)
General solutionis y = y,. + Vo

Particular Integral, y, based on f(x)

Type of :
Example of f(x) Assumption of y,
f(x)
Exponent ke™ ™
k c
kx Cx+D
Polynomial 3 2
kx Cx +Dx+E
kP (x) Cx"+C, _x""+..+Cx+C,
Trigonometry | ksin px or kcos px Ccos px+ Dsin px
(Gin and ces ksinh px or kcosh px | Ccosh px+ Dsinh px

only)

Product of
polynomial
and

exponential

P" (x)emx

(Cx"+C,_x"" +...+Cx+C,)e™

Product of
polynomial
and

trigonometry

P (x)sin px or

P (x)cos px

(Cx"+C,_x""+...+Cx+C,)sin px+

(D,x"+D, x"" +...+ Dx+D,)cos px

Product of
exponential
and

trigonometry

ke™ sin px

™ (Ccos px+ Dsin px)
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APPENDIX C

Homogeneous System Of First-Order Differential Equation

Y'(x) = AY(x)
Eigenvalues Eigenvectors
|A-AI|=0 A-ADV =0
Case | Roots General solution
1 Real and Distinct eigenvalues Y = AV,e™ + BV,e**
2 Repeated eigenvalues Y=AVe" +B [V,x +V,]e™

Nonhomogeneous System Of First Order Linear Differential Equations

Y'(x) = AY (x) + G(x)
General solutionis ¥ =¥+ ¥p

Particular Integral, Y,, based on G

Assume Y, based on G

Case G X
Case | | Polynomial
a )\ (ax+b | ChCx+E)
a, '\ a,x+b, ) D)\ Dx+F)
ax’ +bx+c, Cx’ +Ex+G
a,x’ +hx+c, Dx*+Fx+H
Case Il | Exponent

e” if Y, =Y,, then

=
o B
e
®
<5
T a

Case Il | Trigonometric (sin and cos only)

a ) . a ) o/l
sinkx oOr cos fox sin /x + cos kx
a, a, ) D F :

a

e e e e o
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APPENDIX D
Laplace Transform
L{f@y=] : F(t)e'dt=F(s) fort =0
@) F(s) Y F(s)
’ = [{r@as il
5 0 5
7 1 e—us
ol . H(t-a)
A (7 4 S
sin at 5 4 5 flt—a)H(t—a) e “F(s)
S +a
S
5 — —as
cosat v (t—a) &
sinh at —— f@©)5(t-a) e f(a)
e
cosh at AL [ fae—udu F(s)- G(s)
8§ —4a
a : n!
n=123,.. i y() Y(s)
S
e“f(t) F(s—a} y'(t) sY(s) - y(0)
£ I, e " 2 '
- lf 5)3 (=1)" ;i,, F(s) y'(t) s*Y(s) —sp(0) - ¥'(0)
Partial Fraction
as+b A B

Linear factors,

= +
(S+C)(S+d) s+c s+d PEERBUKA

Repeated linear factors,
as+b 4 4, 4, A,
n = k3 2 3 HeAis n
(s+¢)" s+c (s+¢) (s+c) (s+¢)
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APPENDIX E
TRIGONOMETRIC SUBSTITUTION
Expression Trigonometry Hyperbolic
S + B2 x=ktand x=ksinh &
sz—kz x=ksect x=kcoshd
VE? — 32 x=ksint x=ktanh&
TRIGONOMETRIC SUBSTITUTION
t=tanix t=tanx
sinx = 212 cosx:l_i sin2x = 2t3 c:(;as.’l_v::l_rz
1+1¢ 1+1¢ 1+2 1+2%
tanx = X do= 24i tan2x = . = dx = i
1-t* 1+¢° 1-¢ 1+¢

IDENTITIES OF TRIGONOMETRY AND HYPERBOLIC

Trigonometric Functions Hyperbolic Functions
2 ) x -x
i " e —e
cos” x+sin”“ x=1 T
sin 2x = 2sin xcosx
2 7 et +e™”
cos2x =cos” x—sin’ x cosh x =

= 2cos* x—1
=1-2sin’x
1+tan® x =sec® x

1+cot’ x=csc? x

2tan x
tan2x=—2
l—tan” x
tanx tt
1F tanxtan y

sin(x + y) =sin xcos y +sin ycosx
cos(x+ y) = cosxcos y Fsinxsin y
2sin ax cosbx = sin(a + b)x + sin(a — b)x
2sin axsin bx = cos(a —b)x —cos(a + b)x

2cosaxcosbx = cos(a —b)x+cos(a+b)x

cosh? x —sinh? x =1

sinh 2x = 2sinh x cosh x

cosh 2x =cosh® x +sinh?® x
=2cosh® x—1
=1+2sinh® x

1-tanh® x = sech’x

coth? x —1=csch’x

2tanhx

1+ tanh® x

tanh x + tanh y

1+ tanh xtanh y

sinh(x £ y) =sinh xcosh y + sinh y cosh x

tanh2x =

tanh(x % y) =

cosh(x + y) =cosh xcosh y £ sinhxsinh y -
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APPENDIX F

Indefinite Integrals

Integration of Inverse Functions

e |

fx
1
f;dx=lnlxl+c

fcosx dx=sinx+C
fsinx dx=—-cosx+C
fsecheix=tanx+C
fcsczx dx=—-cotx+C
fsecxtanxdx=secx+c
fcscxcotx dx=-cscx+C
fexa'x=e‘+C

fcoshx dx =sinhx+C
fsinhx dx=coshx+C
fsechlx dx=tanhx+C
fcschzx dx =-cothx+C
fsechxtanhx dx=-sechx+C

f cschxcothx dx =-cschx+C

jJ—abc_sm ‘( ]+C

I dt= cos™ rx]+C

a

j L dx_ltan a)+c

a+x a

J- 2_1 - dx=lcot" EJ+C
a4 a a

e
et
IJ— —Smh“l[ ]+c

jm dx = cosh™ ( )+c

- 1
dx =—sech™| = |4€
J-lxlxlaz—x a a
1 x
=—w¢ +C
'[Itlxla +x* a

L o ( J+c |x|<a
a

jzlzdxza

lcoth”’( J+C |x|>a
a a
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