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Q1

Q2

Q3

In fluid mechanics, the Reynolds number Re is a dimensionless number involving fluid
velocity v, density p, viscosity x4 and a characteristic length ». Construct the
dimensionless product of the variables that represents Reynolds number. (Dimension

for p is M L, and dimension for g is M L' T™").
(12 marks)

Consider a simple SIR model that is given by

& =—pIS +yR,
dt

i BIS —vl,
dt

= =pl —¥R,

dt

where S, v and y are positive constants and S+/+R=N.

(a) Show that the first steady state for the model is (S, /,, R))=(N,0,0).

(5 marks)
(b) If §=uv/f, verify that the second steady state is
(S I R)=[£ }((ﬁ]v_u) U(ﬁNﬁ'U)
T BT Bwry) T Bo+y)
(5 marks)

(c) Explain the meaning of steady states (S,. /,, R,) and (S,, I,, R,) ofthe model.
(5 marks)

Determine the orders of the following difference equations and state if they are linear
or non-linear and whether the equation is autonomous or non-autonomous.

o

(a) 3.\?}1 +4 + "'.nﬁ = xni g
(3 marks)
(b) 2nx, . +5x,,, = Jn.
(3 marks)
1
(c) 3x,,+4,.,=—.
"
(3 marks)

2
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Q4

Q5

Q6

A population has an initial size of 1000 and increases each year by 30% through normal
birth and death processes. Each year 450 of the population are harvested and 600 are
received into the population through immigration from neighbouring areas.

(a) Deconstruct the difference equation that describes the above scenario. (Make
sure you define all variables and explain all terms).
(6 marks)

(b) How many years will it take for the population to exceed 2500 in size?
(7 marks)

Solve the nonhomogeneous difference equation x,, = 6x,,, —8x, +3" with x, =1

and x; =3.
(9 marks)

In economics applications, we assume that the price-demand curve as
D(n)=-m,p(n)+b;, m,;>0,b,>0.

The constant m, represents the sensitivity of consumers to price. We also assume that
the price-supply curve relates the supply in any period with the price one period before
as

Sn+)=mp(n)+b,. m,>0,b, >0.

The constant m_ is the sensitivity of suppliers to price. A third assumption we make

here is that the market price is the price at which the quantity demanded and the quantity
supplied are equal, that is when D(n+1)=S(n+1). Thus

—myp(n)+b; =m p(n)+b, or
pn+1)=Ap(n)+ B = f(p(n))

where

m
a=-"s  p_
’”L[ r”d

S

Because A4 is the ratio of the slopes of the supply and demand curves, the ratio
determines the behavior of the price sequence. Illustrate three cases of 4. that is when
—1<A4<0, A=-1 and 4 <-1 using cobweb.

(9 marks)

%)
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Q7  In a remote region in Malaysia, the dynamics of fly population has been studied and
found to satisfy difference equation

% =11=001x 3,
where x (> 0) is the fly population density at generation ».

(a) Determine the fixed point(s) of this model.
(4 marks)

(b) Analyse the stability of the fixed point(s) found in Q7(a).
(6 marks)

(c) Based on your analysis from Q7(b), how will the dynamics evolve as n — w

when the initial fly population density is 307
(3 marks)

- END OF QUESTIONS -
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FORMULA

First-Order Linear Difference Equations:

Difference equation

Solution

X, —ax., =0 nzl

A e n
X =X,a

n

x —x_,=b(n), nzl

n “H=]

x, =X, +_b(p)
p=l

I" = axrw] = b(n)

x, =x,a"+ ) a" ?b(p)

p=l

Second-Order Linear Difference Equations:

Difference equation: Ax +Bx _ +Cx,,=0

Case Solution
Real, unequal roots, m= p and m=g¢ x, =K(p)'+L(g)"
Real, roots m = p(repeated) x,=(Kn+L)p"

Complex conjugate roots m=a +if3

x, =r"(K cosnf + Lsin n@)

with

r=ya*+p* and @=tan™ (EJ
(24

Geometric Digression:

IfS = k+kr+k*+..+ k"', then S =

k(" —1)

r—1

where r#1
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