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SECTION A: ANSWER ALL QUESTIONS.
Q1 (a) Calculate the period of x(t).

x(t) = 2sin(9mt) — 6 sin(67t) + 10sin (37t)
(6 marks)

(b)  Determine whether the signal z(t) as shown in Figure Q1(b) is a power or energy
signal. Show your calculation.

(6 marks)
Q2 Consider a system as shown in Figure Q2(a).
(a) (1) Find the overall impulse response of the system, hy(t) with impulse responses
given below.
hy (8) = ha(t) = 3u(t)
h,(t) = 5tu(t)
(7 marks)
(i1) Determine the stability of the system.

(3 marks)

(b) Explain steps to determine the causality of a system.
(2 marks)

Q3 Consider a periodic signal as shown in Figure Q3(a).

(a) Show that the Fourier series coefficients (ay, a, and b,,) for the signal x(t) are:

—_— 1|
?U_ 21
oy ey [(-=1)* —1]; and
1
By, = —{=1}*,
n=— (1)

Write down the trigonometric Fourier series expansion x(t).
(8 marks)

(b) Use the answer in Q3(a) to find the amplitude-phase Fourier series expansion, x(t).
(4 marks)
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Q4

Qs

(a)

(b)

(a)

(b)

Determine the Fourier transform of the following signals.

d)  x(t) = e3¢ Ayt +2)

(2 marks)
Gi)) z(t) = e 3tu(t + 2)

(2 marks)
()  y(t) =rect(3t)

(2 marks)
Given x(t) = e *u(t) and X(w) = Fx(t)] = ﬁ. Determine the Fourier transform
of:
@) x(t-4

(2 marks)
(i) x(—2t—4)

(4 marks)

2
s2+4’

Given that x(t) = sin (2t)u(t) and X(s) = L[x(t)] =
the Laplace transform of:

Re{s} > 0 , calculate

G  x(2t-2)

(4 marks)
(i)  efx(t)

(2 marks)

. _ 1 _

Given X(s) = 52+65+3,Re{s} > —2, calculate
@®  x(©

(4 marks)
a) L [dz—(:)] using differentiation property of Laplace transform.

(2 marks)
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SECTION B: ANSWER TWO (2) QUESTIONS ONLY.

Q6

(a)

(b)

Given the Fourier series expansion x(t) as follows:

B
2 1
x(t)=1+-— Z —cos(mtn X 10°t — 90°)
T n

n=1
n odd

Based on the given Fourier series expansion x(t), calculate:
(1) the fundamental period, T, and harmonics for the range given.
(3 marks)

(i)  the exponential Fourier series coefficient, x,, for the range given in Q6(a).
(7 marks)

The exponential Fourier series coefficient x,, of signal v;, (t) is given as the following

expression:
0, n=026,..

3j
E= n=4,8,12, ..
Xnp =3\7In
6j
= n = odd
mn
(1) Express the Fourier series expansion using exponential Fourier series of v;,, (t)

for the range —6 < n < 6.
(5 marks)

(i)  The signal v;,(t) with period, Ty = 2 X 107> s is passed through a low pass
filter, where the magnitude and phase of the frequency response H(f) are
shown in Figure Q6(b)(i) and Figure Q6(b)(ii), respectively. Express the
output of the system, v, (t).

(5 marks)
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Q7

Q8

(a)

(b)

(a)

(b)

An exponential function is given by

_f(etfort>0
x(t)_{et fort <0

(1) Sketch the exponential signal.

(2 marks)
(i)  Calculate the Fourier transform of x(t) by using the definition of Fourier
transform.
(6 marks)
(iii)  Plot the magnitude spectrum and the phase spectrum of Q7(a)(ii).
(2 marks)
Determine v, (t) of an electrical circuit as shown in Figure Q7(b) for
v,(t) = 3e~"4u(t).
(10 marks)

A Linear Time-Invariant (LTI) with feedback system is described by the block diagram
in Figure Q8(a).

(1) Prove that the overall system function H(s) is as follows:
35+ 2Z)
) =F Fe41

(6 marks)

(i)  Based on overall system function H(s) in Q8(a)(i), calculate the output y(t)
when the input x(¢) = e 2E+ Yy (t 4 4).

(4 marks)
Given the following facts about a real signal x(t) with Laplace transform of X(s).
X (s) has exactly two poles.
X (s) has no zeros in the finite s-plane.
X(s)hasapoleats = —1+ .
X(0) =8.
e*tx(t) is not absolutely integrable.

Determine X (s) and specify its region of convergence.

(10 marks)

-END OF QUESTIONS-
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z(t)
/ ]
T * £
) 0
Figure Q1(b)

I 1

I :

: hy(t) !

| —

< ha(t) 2
_I_’ 1

Figure Q2(a)
x(t)
1 ] ! 1 t
\ 1 0 1 N3
+-1
Figure Q3(a)
6
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[H{f)I]
2
/ :\ f(kHz)
-200 -100 0 100 200
Figure Q6(b)(i)
2H(f)
Z
. f(kHz)
i
Figure Q6(b)(ii)
3 Ohm
(L) kf \' 2F ::—;-r.{rj.
Figure Q7(b)
" Hy() ==
1) = s—3 + 3
s(s —
(P> m == Ly
s—4
18 _— 1 +
2l8) = s
3
H = ™
4(s) s+2
Figure Q8(a)
7
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TABLE 1: INDEFINITE INTEGRALS

1
f cosatdt = Esin at

1
fsinatdt = —Ecosat

1 1
ftcosatdt =-—cosat+—tsinat
a a

1 1
J’tsinatdt = —Zsinat——tcosat
a a

teatds = = eat 1
e gt (a )

f 1. dt—lt _l(t)
@+ a1 \a

TABLE 2: EULER’S IDENTITY

etim/2 — +j

Az + 6 = Ae*I®

eIk = cos kmr

e*j8 = cosf + jsinf

cos 6 = %(ng +e779)

1 : ;
; ps T8 o 8
sin@ 2 (e e /%)

TABLE 3: COMPLEX NUMBER

s=a+jb=|s|l2+60=]|s|et/®

b
Is| = Va2 + b2 6 =tan™?! (E)

TABLE 4: TRIGONOMETRIC IDENTITIES

sin 8 = cos (9 —g)

cos @ = sin (8 + g)

sin(x + ) = sinacosf + cosasinf

cos(a + ) = cosacosf Fsinasinf

sinfa + cos?f =1

sin2a = 2sina cosa

cos 2a=2cos?a—1

cos2a =1—2sina

cos2a = cos’ a — sin® a

TABLE 5: VALUES OF COSINE, SINE AND EXPONENTIAL FUNCTIONS FOR
INTEGRAL MULTIPLE OF m.

Function Value Function Value
cos 2nm 1 gfenm 1
sin 2nm 0 efn® (—1)*
n
cosnm " fie (-1)2  ,n=even
g ET E
sinnm 0 j(—1) 2~ ,n=o0dd
n n-1
cos (E) {(H 1)2 ,n=even sin (E) {(—1) 2° ,n=odd
2 0 ,n = odd 2 0 ,n = even
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TABLE 6: PARTIAL FRACTION FORMULA

Type of proper rational function Partial Fraction
px +q A B
———,a#b
(x —a)(x—b) x—a+x—b
24 gx+ A B G
il s S +—t
(& —d)(x— bi{x—¢) x—a %—b x—¢C
px+q A B (6}
+ +
@—a? x—a ' x—a? (x—a)
pxi+qgx+r A % B N C
(x—a)%(x—b) x—a [(x—a)® x-—b
px?+qx+r
(x—a)(x?+bx+c) A Bx+C
x—a i x2+bx+c
where x% + bx + ¢ cannot be
factorised.
px®+qx*+rx+s
(x*+ax+b)(x2 + cx +d) A s.B Cx+ D
2 2
where (x2 + ax + b) and (x? + cx + Bt bRyl et
d) cannot be factorised.

TABLE 7: FOURIER SERIES

oo

jnz—nt
Exponential x(t) = Z Xpe' T
n=—co
i a+T .2
Mg = —f o ) L 1
T o
2n 21

Trigonometric x(t) =— —!— Z (a,n COS T~ t + b, sin n?t)

a+T 2
a, TJ. x(t)cosnTtdt n=01223..

2 a+T 2
b“:_f x(t)sinn—mtdt, n=1273..

4 /4

Amplitude-phase

- 2m
x(t) =X, + Z A, cos(n?t + 8.}

Ap=2\X,| =@+ B , 6, =X, = —tan~? (—

Average Power

oo

P = VdCIdC + EZ ] COS(BVn e 9171)
n=1

—
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TABLE 8: DEFINITION OF FOURIER AND LAPLACE TRANSFORM

FOURIER TRANSFORM
Flx(®)] = X(w) = f w{E)e ™1 df

Pl = X0 = [ T (et g

INVERSE FOURIER TRANSFORM
1 = )
x(©) = FIX@] = 5 f X(@)e'®* de

x(®) = FAX(F)] = j X(f)eznrt g

—09

LAPLACE TRANSFORM
Bilateral

Elx{)] = X5} = f x(t)e stdt
Unilateral

oo

Lix(t}] = X(s) =f x(t)e Stdt

0

s=0+jw

INVERSE LAPLACE TRANSFORM
1 c+jeo
x(t) =L YX()] = —f X(s)estds
2nj ). o )

- . A e 5 AP
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TABLE 9: FOURIER TRANSFORM PAIRS

Time domain, Frequency domain, Frequency domain,
x(t) X(w) X(f)
8(t) 1 1
1 2nd(w) 8(F)
1 a(f) J!
u(t) 8 (w) +j_w N,
ut+17) —u(t -1 Eﬁéﬂ = 27 sinc(wt) 2rsinc2ft
rect(t) sinc (_‘22) sinc(f)
2 2
i _w? _ @nf)?
2 1
sgn(t) T =
—at,, ¢ 1 1
alie. a+jw m
at 1 1
e*ul—t) s ETZ;—[J"
e—altl 2a 2a
a® + w? a® + 4n3f?
el@ot 28 (w — wg) 8F— 1)
n,—at n! n!
e~ Shy(t) a1 i)™ e
sin wot ]E Blw—wd— Bl vad] | o o) z—jag )
cos wyt 7[8(w + wo) + (@ — wg)] 5(f = fo) : 6(F + f,)
B @g 27 fy
e ™% sin wyt u(t) (a+jw)? + w? (a+j2nf)? + (21fy)?
e a+tjo a+2m
e~ cos wot u(t) IS ET S +f(27rfo)2

11
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TABLE 10: FOURIER TRANSFORM PROPERTIES

Property Time domain, Frequency domain, Frequency domain,
x(t) X(w) X(f)
Linearity a;x;(t) + axx,(t) a, X1 (w) + ax X, (w) a1 X1 (f) + a; X3 (f)
Time scaling x(at) 1 @ L e fF
Ia]X(a) IaIX(a)
Time shifting | x(t — t,)u(t — t;) e J@t X (@) R LR (i
Frequency e/@atx(t) X(w — wg) X(f = 1)
shifting
i ¢ 1 1
voduation ) e0st@oX® | Cix(w+wp) + X =gl | 3G —£) + X+ £)]
i 1 1
sthipgs) e] K @=0) ~X@+ w0 | ZHGF —f) =X +£,)
Time d jwX(w) j2rfX(f)
differentiation dt (x(t))
% (x(®) ()" X (w) U2rfI"X(f)
Time £ X(w) X(f) 1
integration L mx(t)dt jT IR g 1—2?1? % EX(O)EU)
Frequency t™x(t) iy B iN" dn
differentiation 0 gt ) (ﬂ) 2 &)
Time Reversal x(—t) X(—w) or X*(w) X
Duality X() 2nx(—w) X=F)
Convolution in %1 (L) * x5 (t) X; (W) - X5 (w) X(f)«¥(r)
t
iplicati . 1 .
Multiplication x1(t) - x5 (t) - ) # Xl X(HOH=Y(H
P I’ ) 1 oo oo
Teem || FOPde o) K@Pda | _xeoear
- 12
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TABLE 11: LAPLACE TRANSFORM PAIR

Time domain, s-domain, ROC Time domain, s-domain, ROC
x(t), t>0 X(s) x(t), t>10 X(s)
s
(1) 1 All s cos bt W Re(s) >0
il .
u(t) - Re(s) > 0 sin bt Y Re(s) >0
t 1 Re(s) >0 e~ cos bt . Re(s) >
3 e(s cos GraP il e(s a
n! b
mn —at oz s o Sl o a o > .
s e Re(s) > 0 e % sinbt TS Re(s) a
g > Re(s) > —a t cos bt .8 Re(s) >0
s+ (s2 + b2)?2
fg— ! Re(s) > t sin bt - Re(s) >0
e e e(s a sin @405 e(s
TABLE 12: LAPLACE TRANSFORM PROPERTIES
Property Signal Laplace Transform ROC
x(t) X(s) R
X (t)= X3 (t) Xl(s)! XZ(S) Rla RZ
Linearity axy(t) + bx,(t) aX;(s) + bX,(s) Atleast Ry N R,
Time shifting x(t—ty) e St X(s) R
Shifting in the s- _— . Shifted version of R (i.e., 5 is
Domain i X(s — 50) in the ROC if s — 5 is in R)
Time scaling x(at) —1-X (E) Scaled ROC (i.e., s is in the
la]” \a ROCifs/aisinR)
Conjugation x*(t) X'(s") R
Convolution x1(t) * x,(t) X105) - X5 (s) Atleast Ry N R,
a () sX(s) At least R
Differentiation in the dt 5X(s) —x(0") (Unilateral) | R right hand plane
Time Domai n
ime Lomain Ex(t) SnX(.S‘) = Sn—lx(0+) — ang2(0+) - xn—1(0+)
Differentiation in the d R
s-Domain —tx(t) d_sX (s)
Integration in the ¢ 1 At least R N {Re(s) > 0}
Time Domain f_ mx(r)dr ;X(S)

Initial- and Final- Value Theorems
If x(t) = 0 for t < 0 and x(t) contains no impulses or higher order singularities at t = 0, then

20 = Slim sX(s)

If x(t) = 0 for t < 0 and has a finite limit as t — oo, then

1'1im L) = slim sX(s)
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