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Q1 (a) Determine the Inverse Laplace transform using partial functions for the following:
s 1, 4s*—55+6
) {(s+1)(52+4-)}
(5 marks)
- 45%~175-24
i) { (s3—52— 125)}
(5 marks)

(b) A function g is defined by

—-11 4+ ax xs—2
gx) =4b+cx3 -2<x<1
4 — x2 x>1

1) Calculate the value of a iflim,_,_, g(x) = —15

(2 marks)

ii) Estimate the value of b and ¢ if lim,_,_; g(x) and lim,._,; g(x) exist.

(3 marks)
(c) Solve the partial derivatives below:

1) According to the ideal gas law, the pressure, temperature, T(K) and volume,

V (m3) of a gas are related by
kT

p=—
v

where k is a constant of proportionality, k = 10 m-lb/K.Determine the
instantaneous rate of change of pressure with respect to temperature and the
instantaneous rate of change of volume with respect to pressure, if the temperature
is 80K and the volume remains fixed at 40m3.

(5 marks)

ii) Suppose that D = \/x? + y? is the length of rectangle which has lengths x and y.
Find a formula for the rate of change of D with respect to x if x varies with y hold
constant and use this formula to find the rate of change of D with respect to x at
the point where x = 3 and y = 4.

(5 marks)

Q2 (a) A radar, with coordinates (0,0), has coverage with length of 4. While the second radar,
with identical coverage, is situated on the east side of the first one. Using signal
intersection, both radars detect an object coming closer to the southern direction in the
first quadrant. Note that radars swap the covered area into circles.

1) Identify position of the object in terms of distance and angle Complete your

answer with a sketch. - _ \
B r‘ﬂ_j (5 marks)
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ii) Analyze and calculate the overlapping area from the radar signals intersection at
the first quadrant.
(10 marks)

(b) A cylinder C is bounded by x? + y? < 9 and —1 < z < 2. The cylinder is evaluated by
using triple integral in a form of:

ﬂ.f zJx2+y2dxdydz
c

i) Express the equation z,/x? + y? in term of cylindrical coordinates as well as its

respective integral upper-lower bounds, C.
(5 marks)

ii) Solve the triple integral in cylindrical coordinates system.
(5 marks)

Q3 (a) An engineer is designing a right-angle triangular roof as shown in FIGURE Q3 (a) with
one column. In order to make sure that the roof is stable and safe, the centre of mass need
to be calculated before the design stage. Determine mass, moment of mass and centre of
mass of the roof. Assume that the density is x.

(8 marks)
(b) Estimate the vector value function
r(t) = 5cos (t)i + 5sin(t)j + tk
if t = 0 and t = m/2. Then, sketch the graph of the vector value function.
(5 marks)

(¢) Calculate the domain and limit (t — 0) of the vector-valued function r(t) = Vti +
sin 5t j + In 5t.
(4 marks)

(d  For the given function, r(t) = %i +tcos 3tj + 6k

i) Calculate 7'(t) and [ r(t)
(6 marks)

ii) After integration, three constants are introduced for each vector component.
Based on your opinion, are these three constants similar or different. Explain

your answer.
(2 marks)
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Q4 (a)

(b)

(©)

Calculate the unit tangeflt vector, principal unit normal vector, binormal vector and
curvature of vector valued functions; r(t)= 2 cos % ti+2sin g tj-2k

(10marks)

Given that the line integral equation of [ c Xydx+ (x + y) dy where C is the curve,
calculate;

i) A straight line from the point (0,0) to (1,1)

(3 marks)
ii) x = ,/y from the point (0,0) to (1,1)

(3 marks)

Compute the flux of water through the cone z = 1 — \/x2 + y2 that line above the plane
z =0, oriented by an upward unit normal vector. Assume that the velocity vector,
v=F(x,y,2) =2xi+2yj+ 3 kis measured in m/min and the water has the density
p = 1tan/m3.

(9 marks)

-END OF QUESTIONS-
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100 cm

130 cm

Figure Q3 (a): Right-angle triangular roof
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Formulae

Characteristic Equation and General Solution

s Roots of ]tahe CIflaractenstlc T
quation
1 m, and m, ;real and distinct y=Ae™" + Be"
) m, =m, =m ; real and equal y=(A4+ Bx)e™
3 |m=atif ;imaginary y=e""*(Acosfx + Bsin fix)

Particular Integral of ay" +5y' + ¢y = f(x) : Method of Undetermined Coefficients

_____________ &) »,®)
P (x)=4x" +---+ Ax+A4, X' (Bx"+--+Bx+B,)
Ce®” xr(Pearx)

Ccosfix or Csin fix x'(pcosPx+qsin Bx)

Particular Integral of ay" +5)' + ¢y = f(x) : Method of Variation of Parameters

Wronskian Parameter Solution
M S Yo f (%) »f(x) —
=1 . . u =—|=2—"tgx, wu,=|L"Ldx =Uu +u
w=l = =2 Yp Sy +1h),

Laplace Transforms

L{f®} =, /()™ dt=F(s)

i) F(s) 10 F(s)

» a H(t-a) &
hy s

on=123,... = ft—a)H(t—a) e “F(s)

8

‘ 5(t—a) =
§S—a

e
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Table .1 Inverse Laplace transforms

Fisi= L) L YFw)=Fit)
) 1
iy - 1
5
. k
iy - k
8
— <
(i} —— o
¥-—-a
; a ;
(v} sin el
2 fa?
(v} s f
v e — COsda
gt
. 1
(vi} T]- !
) %
- = 2
{vii} 3 [
a!
-
vl Tﬁ'—: ]
. o -
(ix} = = sinh at
5 —a
k)
ix} — coshat
5 —gt
n!
{xi} —— o
(¥ — ayst 1
i @« al o
) — | sinet
& —a¥ + o
5—aq "
X} — | ¢ cosay
§y—dayf 4o~
. @ of s
[0V} —— ] % sinh wi
(5s—ay —w
5—d
XV} ————— | e¥coshoy
{5 —a)® — ot
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r a
No(t - Ea
sinat I J()é(t—-a) e f(a)
cosat . [ fgt ~upau F(5).G(s)
s +a 0
5 a
! Y(s
sinh at s y(0) (5)
coshat = j > w(t) sY(s)—»(0)
e f(f) F(s~a) () s°Y(s)~ sp(0) - (0)
d"F(s)
"), n=1,23,... | )'——=
J®,n Y
Periodic Function for Laplace transform : L {1 (1)} = : I_ST J-OT e FO)dt, s> 0.
— e
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Formulae

Tangent Plane: z — z5 = f,(x,, ¥o) (x — xp) + f5, (%0, Y0) (V — ¥o)

Local Extreme Value: G(x,y) = fox (x,¥) X fyy (x,¥) — [fxy (. y)]2

Case G(a,b) Result

1 G(a,b) >0 f(x,y) has a local maximum value at (a, b)
f;cx (a, b) < 0

2 G(a,b) >0 f(x,y) has a local minimum value at (a, b)
fex(a,b) >0

3 G(a,b) <0 f(x,y)has a saddle point at (a, b)

4 G(a,b) =0 inconclusive

Polar coordinate: x = rcos 8,y =rsin 6,0 = tan™?! (-:f) and

[, fGay)dA=[[, f(r,0)rdrde

Cylindrical coordinate: X =rcos 8, s y=rsing, zZ=12z,

.UIG f(x: Y Z)dV = fffG f(T, o, Z)d dz dr df

Spherical coordinate: x = psin¢ cosf,y = psingsinf, z= pcos @, x* + y> + z? = p?,
0K0«K2m 0K p«<mand [[f f(x,y,2)dV = [[[ f(p, b, 8)p*sin¢ dpddde

For lamina
Mass, m = [[, 8(x,y) dA
Moment of mass: y-axis: My = [f, x6(x,y)dA  x-axis, M, = [[, y6(x,y) dA

Center of mass, (f, 37) = %:%‘)
Centroid for homogenous lamina: X = ;3;1- JI, xdA y= a:ea [fp yaa

Moment inertia:
Y-axis: I, = [[, x* 8(x,y) dA x-axis: L, = [[, y*8(x,y) dA
Z-axis (or origin): I, = Iy = [[, (x> + y*) 6(x,») dA =1, + 1,

¥
e
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For solid
Mass, m = [[f. 6(x,y) dvV
Moment of mass:

yz-plane: My, = [[[. x8(x,y,2) dV
xz-plane: My, = [[f. v 6(x,y,2) dV
xy-plane: My, = [[f. z8(x,y,2) dV

Myz Mxy)
m’ m

. e s al M
Center of gravity, (%, ¥,2) = (f,
Moment inertia:

I, = faf (x2 + 2z%) 6(x,y,2) dV
l.= J;J' (y? + z?) 8(x,y,2z) dV

1= ﬂ’ (x2 +y2) 8(x,y,2z)dV
g

Directional derivative: D, f (x,y) = (fii + fj) - u

Let F(x,y,z) = Mi+ Nj + Pk is vector field, then the divergence of F=V-F = %% +

dN | OP

dy | oz
The curl of
i i k
da ad 0 dP 0N\ . aP oM\ . dN oM
Povxpo |2 2 2 (%I, (@ oMy, N omy
dx dy 0z dy 0z dx 0z ox dy
M N P

Let C is a smooth curve given by r(t) = x(t)i + y(t)j + z(t)k, t is parameter, then
; . _ r' ()
The unit tangent vector; T(t) ———-—-—-”r: ol
The unit normal vector: N(t) = %
The binormal vector: B(t) = T(t) x N(t)
= To _ Ix"m)
The curvature: K= 5500 = Smar
The radius of curvature: p = 1/K

Green Theorem: §, M(x,y) dx + N(x,y) dy = Il %g' - Z_;‘dA

Gauss Theorem: [ F-n dS = [f[. V.F av e

1

i
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Stokes Theorem: §, F.dr= [[ (VxF)-ndS

Arc length, If 7(t) = x(£)i + y(t)j, te[a, b], then the arc length
b b
s = f Ir' ()l dt = f J(x'(t))z +('(®)* at

Ifr(t) = x()i+ y()j + z(t)K, te[a, b], then the arc length
b
5 = ] J(x’(t))z + (y’(t))z + (z"(t))2 dt

Trigonometric and Hyperbolic Identities

Trigonometric Hyperbolic
x s
‘ . e’ —e
cos’x+sin‘x=1 sinh x =
e’ +e”
1+ tan® x = sec’® x coshx =
9 .
cot’ x+1=cosec’x cosh’ x—sinh® x =1
sin 2x = 2sin xcosx 1-tanh? x =sech’x
: P
cos2x = cos” x —sin’® x coth? x -1 = cosech’x
cos2x=2cos’ x—1 sinh 2x = 2sinh xcoshx
o 5 . 12
cos2x =1—2sin’ x cosh2x =cosh’ x +sinh ’x
2tan x 2
tan 2x = ——— cosh2x =2cosh” x -1
1—tan” x
sin(x + y) = sin xcos y + cosxsin ¥ cosh2x =1+ 2sinh*x
cos(x + y)= cosxcosy Fsin xsin y tanh 2x =2—3C
1+tanh~ x
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tan x  tan
tan(xiy)z __“—_y sinh(x % y) = sinh xcoshy + coshxsinh y
1+tanxtan y
2sin xcosy = sin(x + y)+sin(x— ») cosh(x + y) = coshxcoshy *sinh xsinh y
tanh x * tanh
2sin xsin y = —cos(x + )+ cos(x — y) ta.nh(xiy): Y
1+ tanh x tanh y
2cosxcosy = cos(x + y)+ cos(x - y)

1 CONFIDENTIAL



