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PART A

y ] ‘2:’“ ] 2 5 el T

with conditions y(0) =1.25 and y(0.8) =1.189. By using finite difference method
with At = h=0.2, find the value of y(0.2), y(0.4) and y(0.6).
(10 marks)

(®)  Given the Laplace’s equation,

u”+u}y=ﬂ, O<x<land D<y<l
with the boundary conditions (0, y)=y* and u(l, y)=y for0<y<l,
u(x, 0)=x> and u(x, 1)=(x-1)* for0<x<1. By taking h=Axr=0.2 and
k = Ay = 0.5, solve the Laplace’s equations by using finite difference method. (Do
NOT solve the system of linear equations)

(10 marks)

Risiniiii]

Consider the heat flow equation %[Ak % ]+Q{y]=ﬂ, for 2= y<6,onafin

consisting of three nodes and two elements, as shown in figure Q2.

Given the following values,

The cross-sectional area, 4 =20m’
The thermal conductivity, k =4J/°Cms
The heat supply per unit time and per unit length, 0 =50 J/s m
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The boundary condition, 7, =T |,_,=0°C.
The flux, g, =q|,.,=5J/ m’ s
T(y)is the temperature at length y.

The shape functions are defined as below;

1 ;
N'(y)=2-—y, for yin element I,
Nih=y 1P 27 4§

| 0, otherwise.

FN; M=y-2, for y in element 1,
Nz(y}=<N§(y)=3—I§y, for y in element 2,

0, otherwise.

[ 1
NI(y)y=—y-2, for y in element 2,
N,(»)=4 2

0, otherwise.

By using Galerkin method for approximation on the linear model, 7' =, + a,y,

(a) prove that the temperature at each nodal point, T, =T |, _,=0.625°C and
TI,=T |,,=-0.625°C,
(18 marks)
(b) find the flux at the left end of the fin, ¢, =¢q |,_,.
(2 marks)
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PART B

Q3 (a) (i) Find the positive root for f(x)=e" —3x? by using bisection method from
the Figure Q3 below with |b —a| =1 and ¢, =3.5. Do your calculation until 4

iterations.

11} !
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: \ /

Figure (3

(ii)  For bisection method in part a(i), what can you say when | f(c,)|>¢

a +b
where ¢, =——1 ?

(10 marks)

(b)  Given the system of linear equations, AX = B as follow,

3x, +x, +2x, =12
X +2x, +2x, =11

2x, +2x, +3x, =2
(i)  State 4 rules to show that the matrix A4 is symmetric positive definite.
(i1)  Hence, solve the above system of linear equations using Cholesky method.

(10 marks)
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Q4 Given the set data of sine functions in Table Q4.
Table Q4
i 0 1 2 3
x x/9 w6 xl3 x/2

f(x)=sinx, | 0342 | 0500 | 0.866 | 1.000

(a) Find the approximate value of f(x/5) by wusing Newton's divided
difference method.
(7 marks)

(b)  Find the approximate value of f(x /5) by using natural cubic spline.
(13 marks)

Q5 (a) The following Table Q5 gives the distance, x of an object at various time, 1.

Table Q5

Time, f (sec) 37 [ 28 [ 29 [ 30 [31 ] 32
Distance, x (m) | 11.2 | 11.7 | 123 | 13.1 | 140 15.0

2
Find the a{:w]emﬂnn,a=j—: of the object at +=3.0 second using 3-point and
()

5-point difference formulas with a suitable value of step size, & for both formulas.
(6 marks)

(b) (i) Find the approximate value for j: e* dx by using 1/3 Simpson’s rule. The
interval [0, 3] is used with 6 subintervals.

(ii) Find the approximate value for j: Vx® +3 dx by using 3-point Gauss
quadrature.
(14 marks)
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Q6 (a) Below are matrix 4 and its tabulated calculations (Table Q6) using the power method,
for finding the largest eigenvalue and its corresponding eigenvector, with £ = 0.005.

Table Q6

k pit [4v*y’ Mg
0 0 0 1 1 2 3 3
301 1 0.333 | 0.667 1 2 4 4.667 | 4.667
Rule 4 3 2 04200857 1 [2286] 4571 [ 5.142] 5.142
1 2 3 3 | 0.444 | 0.889 1 2.334 | 4.667 | 5.223 | 5.223
4 | 0447 | 0.894 1 2.34 | 4.681 | 5.234 | 5.234
5 0.447 | 0.894 1 2.341 | 4683 | 5.236 | 5.236

6 | 0.447 | 0.894 1

(i) Use the shifted power method to get its smallest eigenvalue with its
corresponding eigenvector.

(ii) Verify your answers in part (i).
(9 marks)

(b) Given the initial value problem

Yi—xy=x; y0)=1

12

with #=0.2 at 0 < x <1. (The exact solution is y=2e* —1)

(i)  Find the approximation solutions and its absolute errors for the above problem
using Modified Euler method.

(ii)  Find the approximation solutions and its absolute errors for the above problem
using Improved Euler method.

(iii) For this above problem, give the best method
(11 marks)
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FORMULAS
Nonlinear Equations
Bisection method
a, +b,
If f(a)f(c,)<0 then a,, =a,,b,, =c, where ¢, = =
System of Linear Equations
Cholesky Factorization: A= LU
I{*‘5'11 Gy 3 - aln\ (I]l 0 0 me .:]an ly by - Inlﬁl
Ay yp Oy v dy, Iy In 0 - 0 L, I lea
@y Ay Ay a4y, = L, L, 0010 0 L, - I,
k_a:ﬂ . LA o amr) l\!n-l In] jlr:,"l- o Im )lk_{] "I} ﬂ e Iml_)

Interpolation

Newton divided difference method:

P (x)= ﬂ[n] * fﬂm(x—xu]+fum[x-xu)(x—x1}+---+fﬂ!"](x*x{,)(x+x[)---(x~xn__l)

Cubic Spline:
R0 L g i I [/ S/ T S [P/ R A
6h, 6h, h 6 h 6

k=012 % n-1

h& =X T

f;:-rlﬁ.f_k 3 k=ﬂ,l,2,3,,,,,n—l .
d, =2 "Ik
'hk
bﬁ: =6(dﬁ:4|;_dk)s k=u, 15213,-.., H—E,

MNatural Cubic Spline :

m, =0,
» =0,
lh.i:'rn‘.i' +2{hl: +h_k+|)mk+l +hk+|mk-p3 =R b.k! k = ﬂ: 1! 2: 3! ey P‘I—E,

Numerical Differentiation and Integration

First derivatives :

flx+h)= f(x—h)
2h

5 point difference: f'(.r]=é[—f{x+2ﬁ}+ﬂf(x+h]—Ef(x—k}+f[x—2h}]

3 point central difference: f'(x) =
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Second Derivatives :
3 point central difference :

£ = ;3= LF Gt ) =2£(x)+ f ()]
5 point difference:

frix)= lzlﬁl[=~_,|I"{,t+2h}+lﬁf{x+h}—3ﬂf{x]+lﬁf{x—h]—f{.x—Z.f:}]

Si X i
impson 3 rule:
[ @ dem T4 St Mt St fyboosfs b s 4 o)+ 2y + St oot frat i)

Gauss Quadrature:

or [, x-GoMrGra)

2

. 1 5 3 i 5 3
3points [ f(x)de~ f{—J; )45 SO+ ;f:;J; )

Eigen value
|A—AI|=0

Shifted Power Method
Aﬂw =A-sl

1

k k

P Ay w1 300
”Ih]

Ordinary Di tial n

Initial Value Problem:

1
Modified Euler Method y,,, = ¥, +E(k‘ +k,) where k, =hf(x,, y,)

k? :hf(.xj +h, ¥ +k|]
Improved Euler method or Mid point Method y,,, = ¥, + k,where k, = hf(x,, ¥,)

h k
k, =hf(x, +=, y, +—
2 f(xa 2 yr 2 )
Boundary Value Problem:

Finite Difference Method
L Y Rt | e R
B m— 3 i E---]
}? i Eh‘ y hz
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Partial Differential ation

Laplace Equation: Finite Difference Method

—2u, , +u

[f&] +[32H] S My — 2“&; U, i U jn
2 i i
ar 1 ay i h

Finite Element

The element of stiffness matrix, K ;

_ pdN, dN,
s

The component of boundary vector, fi:
[N,4q ]:

P g [T
[N, Aql.

The component of load vector, f7;
[ N0 ax
szfNerr= EN"'Q&

EN,;de

Ka=f,+f,

kz

L=l __



