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BSM 1923

PART A

1
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(a) Solve the partial differential equation
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—=x(I-1),
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given that at t =0, w=cos 2x and at x = 0, — =sint.
ot

(10 marks)

(b)  Consider the one-dimensional heat equation.
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subject to the boundary values #(0,¢) =50, u(/,#)=100 and the initial
condition #(x,0) =100. Using the method of separation of variables,

show that
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u(x,f)=(AcosAx + Bsin Ax) e g

where 4 and B are arbitrary constants, is a general solution for the heat
equation.
(10 marks)

Given the function
2, x=0
X)=

J(x) {4—;{2, O<x<?2

J(x)= f(x+2)
in which it can be written as a Fourier series

)= ﬁ+i[an ms[ﬂ] +b, 5in[EH.
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where
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(a) Sketch the graph of f(x) for 0=x<§.

(4 marks)
(b) Hence, show that the Fourier series of f(x) is
. 2 1. sin{nrx) ms[mrx)J
x)=4| —+— - -
1) [ 3 ;( i nr
(16 marks)



PART B
Q3 (a)
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BSM 1923

The R-L circuit model is given as
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where the circuit has inductance L = 0.5 henry, resistance R = 5 ohms,
electromotive force £(f)=— and I is the current flowing in the

circuit. The initial current is 3 Amperes.

(i) State the initial condition for the circuit,
(i)  Find the current / flowing in the circuit for all time ¢
(10 marks)

The equation of a moving particle is described as
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M=——=mi-yv

it =

where m is mass, gis gravity and v is the velocity of the particle.
Assume that the mass is 10 kg and by neglecting the gravity, g = 0 m/s.

(i) Find the velocity v of the particle for all time ¢ when the initial
acceleration is 10 m/s2.
(ii) From the results in (b){i), determine the distance x of the
particle for all time ¢ when the initial distance is 1200 m.
(10 marks)

By using the variation of parameters method and the indicated solution
of the related homogeneous equation, find a particular integral and
then a complete solution for the following non-homogeneous equation.

y#_yr_zy:x; yl ze.x, yz =€Ix
(16 marks)

Show that the simple harmonic motion

dE
m ?+ﬁm=ﬂ
dt”

has a general solution such as

||k ;
u(t) = Acos,.[— t+ Bsin i t
m m

where A and B are arbitrary constants.
(4 marks)
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Consider the periodic function

. e, 0=zl
j{r}"{ﬂi—:), 1<t<2
Sy = f(1+2).

(1) Sketch the graph of f (1) for 0<¢ <10.
(i) Find the Laplace transform of f(7).

[Hint: L{f(1)} =

T
L [ef(t) des>0]
I<ig=n

(12 marks)

Consider the piecewise function

1 <0

2() = 2, 0=t<=l1
£+l 1gi<?
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(i) Write the function g(¢)in the form of unit step function.
(i)  Find the Laplace transform of g(r).

(8 marks)
By using the convolution theorem, show that
” 1 [ si
¥ L % = _[sm = -—tcusiit].
(s +9) 18¢ 3
Then, evaluate
£ — .
[(s+2)" +97)
(13 marks)
Solve
Y+2y'+2y=8(t-2); y(0)=0,y(0)=0.
(7 marks)
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FORMULAS
Formula — solving 1" ODE (ay' + by + ¢ =0)

Homogenous Equations with Constants Coefficients

I General Solution

Roots

¥ =g $Cet

i, and m- are real and distinct

¥y = (¢, +¢,x)e™

nty and m> are real and equal

v, =e"(c, cosbx +c, sin bx)

m = a + hi is complex

Formula — solving 2™ order ODE (y"+ay'+ by +¢=0)

Non-Homogenous Equations: Method of Undetermined Coefficients

fix) Yp
Py = A + A X T+ A Ax + Ay | ¥ (BX+Bax" + . +Bix+By)
" &® x (4 )
Ccosfix  or (sinfik X' (4 cosfi + B sinfi)
HNile) £ Hxy £... £ 5x) Yoty t otV

Non-Homogenous Equations: Method of Variation of Parameters

Wronskian Parameter Solution _|
_,]"’] I}r-& = .yj f y'l,-{
W = , : W =- dx, u, = = dx Yy, =wmy +uy
. ¥ I W .[ W P z

Formula — trigonometry identities, basic derivatives and integrations

Trigonometry identities

sin ax cos bx = L[sin(a + b)x + sin(a — b)x]

sin ax sin bx = L[~ cos{a + b)x + cos(a — b)x]

cosax cosbx = L[cos(a + b)x + cos(a — b)x]

Basic derivatives and integrations

(wv) =u'v+uy'

1
J.u cfv:uv—-jv du je"“a’u=—e"“+k
a
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j.sm at dny = ——cosau+ k Imsaﬁ duy = —smau+k
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Formula — Laplace transformation
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Definition: L{f(1)} = F(5) =Je"'“f{1]dr, 5=0
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